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Résumé 

Les industries perdent une quantité d’énergie énorme sous forme de chaleur résiduelle dont 

plus d’un tiers est à basse température. Les générateurs thermoélectriques (TE) présente 

une avenue potentiel de récupération en utilisant l’effet Seebeck. Cette thèse porte sur 

l’optimisation de générateurs TE pour la récupération de chaleur résiduelle à basse 

température. Premièrement, une méthode innovatrice est développée pour la 

caractérisation complète de module TE, basée sur seulement 2 coefficient facilement 

mesurable. Cette méthode génère un plan I-V constitué de toutes les sorties possibles du 

module pour toutes conditions thermique et électrique. Une modélisation de la résistance 

thermique d’un module TE est établie et est validé expérimentalement, ainsi que la 

caractérisation, sur 22 modules commerciales. Deuxièmement, un générateur TE est 

optimisé en fonction des conditions d’entrées des écoulements. Ceci est réalisé en 

commençant par une analyse thermique globale du système, suivie d’une analyse détaillée 

et conclut en un critère thermique optimale : 𝑅𝑇𝐸
𝑜𝑝𝑡

=
𝐶+𝐾

𝐶𝐾
  sous une résistance de charge 

𝑅𝑙 = 𝑅𝑖√1 + 𝑧𝑇̅. Finalement, le critère thermique est couplé avec la modélisation pour 

optimiser les éléments TE dans le module et maximiser la puissance générée. Une 

expression est établie analytiquement et validée numériquement pour la hauteur optimale 

des éléments. Un générateur optimal à une efficacité de 𝜀 = 0.5 et produit jusqu’à 𝑃 =

𝛩2

4𝑇
(

𝐶𝐾

𝐶+𝐾
)𝛷. L’optimisation est innovatrice par ses conditions thermiques non retrouvé dans 

la littérature et présente une procédure par étape de conception optimale d’un générateur 

TE.  

Mots clés: Thermoélectricité, résistance thermique, optimisation, chaleur résiduelle  
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Abstract 

Industrial waste heat presents an enormous amount of losses, over a third of which is found 

at low temperatures. Thermoelectric (TE) generators are solid-state systems that can 

convert a heat flux to an electrical current through the Seebeck effect. This thesis optimizes 

thermoelectric generators for low temperature waste heat recovery. First, a novel method 

is developed to completely characterize a TE module at low temperature by using only two 

quickly measured coefficients, forming an I-V plane of the module’s output at any 

temperature difference and load resistance. A thermal resistance model of TE modules is 

detailed and validated, alongside the characterization, against experimental data from 22 

commercially available TE modules. Secondly, a thermoelectric generator is analyzed and 

optimized in relation to its inlet conditions. An overall thermal management optimization 

is first performed, followed by a more detailed analysis of the thermal profile leading to an 

optimal thermal resistance criterion 𝑅𝑇𝐸
𝑜𝑝𝑡

=
𝐶+𝐾

𝐶𝐾
  at a load resistance 𝑅𝑙 = 𝑅𝑖√1 + 𝑧𝑇̅. 

Lastly, the optimal thermal resistance criterion is coupled with the module’s thermal 

resistance model to optimize the pellet number and geometry for maximum power and 

power density. An analytical expression is developed for the optimal pellet height and 

validated numerically. An optimally designed thermoelectric generator has an 

effectiveness of 𝜀 = 0.5 and produces an output power up to 𝑃 =
𝛩2

4𝑇
(

𝐶𝐾

𝐶+𝐾
)𝛷. This 

optimization is novel from the studied boundary conditions differing from established 

literature and provides a valuable step-by-step optimal design procedure.  

Keywords: Thermoelectric generators, thermal resistance, optimization, waste heat
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1 Introduction 

No process can be 100% efficient and from thermodynamics’ law of energy conversion, 

waste can simply be analyzed as a form or quantity of energy the system was unable to 

recuperate. This energy is mainly found as heat which is the lowest quality form of energy 

and the hardest to convert into a higher quality form such as electricity. Furthermore, lower 

temperatures are harder and least efficient to recuperate. Indeed, the temperature at which 

waste heat is found directly affects the theoretical maximum efficiency of a system as 

defined by Carnot’s efficiency. For these reasons, waste heat from processes have long 

been neglected as potential sources of energy. Naturally, a lot of work is employed to 

increase process efficiency, including recirculation to reuse waste heat elsewhere in the 

process as needed and recovery of high temperature waste heat but low temperature waste 

heat recovery to electricity remains uncommon.  

This thesis aims to achieve an optimal thermoelectric generator design for maximal power 

output in a low temperature waste heat application. The goal is to present a complete 

analysis that can be used as a basis for the design of optimal thermoelectric generators 

based on operating conditions. 
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In order to achieve this goal a complete analysis if performed in two main sections. The 

first section investigates individual thermoelectric modules. A novel method for complete 

characterization based on open and short-circuit is presented. This leads to an IV-plane 

analysis of thermoelectric (TE) modules and a novel coefficient for describing short-circuit 

operation equivalent to the open circuit Seebeck coefficient. Lastly, a thermal resistance 

model is developed to capture the effects of design parameters such as number of TE pellets 

and pellet geometry on the thermal conditions. This complete chapter is validated against 

experimental results from a selection of 22 modules spawning a wide range of geometry.  

The second section focuses on a liquid to liquid thermoelectric generator. Such a generator 

is defined as TE modules embedded in heat exchangers operating with liquids as heat 

source and heat sink. A simple example would be TE modules embedded in plate heat 

exchangers. This chapter starts with a theoretical analysis of maximum power generated 

by TE module under different thermal boundary conditions. These includes constant 

temperature difference and constant heat flux and expands the analysis to include heat 

losses and operations with fluid flows i.e. a TE generator with liquids as heat source and 

sink as is the focus of this thesis. This concludes in thermal impedance matching criteria 

dependent on boundary conditions and experimental data is presented to support the 

analysis. Second part of this chapter present a more in-depth analysis of a TE generator’s 

thermal resistance and its impact on output power under constant inputs (temperatures and 

flow rates) leading to optimality criteria as function of thermal input conditions. The last 

section of this chapter incorporates the previous chapter’s thermal resistance model of a 

TE module in an overall TE generator model in order to determine optimal modules to 

respect the established maximum output power criteria for specific thermal inputs.  



3 

 

 

2 Literature review 

 Waste heat  

Waste heat potential 

Emerging with the interest towards green energies, the growing need for alternative sources 

of energy and further increasing process efficiencies, recovery of lower temperature waste 

heat has garnered more attention. Technological advances in energy efficiency renders low 

temperature waste heat an abundant source of un-exploited energy. There exists a 

constantly growing need for electricity across the world. BP energy evaluated the total 

world energy consumption in 2015 to be at 13 000 million ton of oil equivalent 

(15.1 𝐸𝑊ℎ/𝑦𝑟), representing a 62% increase in demand since 1990 of which only 2.8% 

came from renewable energy (not including hydroelectricity) [1].  

The power generation industry average 37% efficiency, i.e. 63% is waste at the generation 

site [2]. In the UK, 72% of energy consumed in industry is lost as waste heat [3]. 

Furthermore, 70% of the industries energy demand is heat and up to 50% of energy from 

thermal processes is wasted [4]. Considering this, an ever-increasing effort is made to 
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increase efficiency and reduce losses at all levels, from energy production to energy use. 

[5] evaluates that waste heat recovery could cover 5 to 30% of energy demand of the 

industry depending on the region and that technical limitations as well as financial and 

regulatory constraints are obstacles to the implementation of waste heat recovery.  

[6] evaluates that a third of global energy consumption is the industrial sector of which 

50% turns into waste heat and of this waste heat a third is of low grade, meaning low 

temperatures (lower than 200˚C). This would place low grade waste heat potential to 

approximately 840 𝑃𝑊ℎ/𝑦𝑟, nearly 350 times Canada’s total energy consumption in 2012 

[7]. This indicates a tremendous potential although low grade thermal energy is difficult to 

convert and can’t be converted to electricity with high efficiency.  

[7] presents an exhaustive literature review investigating the industrial waste heat of 33 

countries of which Canada has the highest waste to consumption ratio, industrial and 

overall. More than 70% of energy consumed by the Canadian industry is wasted and the 

pulp and paper industry accounts for around 20% of these losses.  

It is to be noted that while the potential waste heat is tremendous, not all of it can be 

recovered. Some heat losses are unavoidable and necessary. [8] preconizes the use of the 

word waste heat to waste that is potentially usable, not the overall heat rejected. For 

instance, [9] analyzed 95 industrial sites in UK and their potential use of waste heat. They 

analyzed the use of heat directly, for chilling with absorption heat pumps and for 

conversion to electricity using the Rankine Cycle (both organic and water-steam). Most 

interestingly, they underline the importance of properly selecting the opportunity for waste 

heat conversion as out of the 95 sites where conversion to electricity was possible over 
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50% of the generated electricity came from only 12 sites. This indicates that the heat 

recovery potential is dominated by a small number of sites and gives importance to studies 

such as [10] which presents a systematic way to evaluate and map the waste heat in an 

industry and [11] which presents a methodology to determine the best opportunities by 

creating an hierarchy of opportunities. 

Waste heat recovery 

Waste heat is generally characterized in three temperature ranges, low, mid or high as lower 

than 200˚C, from 200 to 500˚C and higher than 500˚C respectively. [12] analyses waste 

heat from different industry sectors for all the EU countries and breaks it down into 

temperature ranges. They evaluated the total waste heat in EU around 300 𝑇𝑊ℎ/𝑦𝑟 of 

which one third is low temperature found mainly in the form of liquids and gasses, one 

quarter is mid temperature and the rest is high temperature, mostly between 500 to 1000˚C. 

The iron and steel industry dominate the high temperature waste heat, whereas industries 

such as the non-ferrous metal industry, non-metallic mineral industry, food industry, and 

pulp and paper industry features nearly only waste heat in the low temperature range.  

 

As mentioned, the high temperature waste heat is primarily found in the iron and steel 

industry. The waste heat from the iron and steel industry has the particularity of being 

found in the molten slag which a waste by product of the refining process. Molten slag can 

be cooled by water and refined to create a usable by product for cements, concrete, asphalt 
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and other construction material. This molten slag comes exits the blast furnaces at 

temperatures reaching 1550˚C. [13] presents several methods of extracting the heat 

contained in the slag by use of water or air. This results in a fluid ranging from 500 to 

900˚C that can be used to increase the process efficiency by preheating where required or 

converted by Rankine cycle. The presented method of heat extraction all discharges cooled 

slag around 150 to 250˚C which could still have potential as a low temperature waste heat. 

In the UK alone, it is estimated that the iron and steel industry could generate 2 to 4 

𝑇𝑊ℎ/𝑦𝑟 of electricity from waste heat [9]. 

 

For the mid-range temperatures, the most common waste heat conversion to electricity 

method is the Organic Rankine Cycle (ORC). Usual water-steam cycles require 

temperatures of 600˚C or more to operate [2]. The organic Rankine cycle refers to a 

Rankine cycle where the working fluid is an organic fluid instead of water, the most 

common organic fluids being the refrigerants R11, R113, R114, toluene and fluorenol [14]. 

Changing the working fluid permits the Rankine cycle to be applied at much lower 

temperatures. Theoretically, an ORC could operate for temperatures as low as 80˚C [15, 

16] up to 700˚C [14], but typical range is from 200 to 400˚C where it is considered the best 

available conversion option for which large system efficiency reaches 20% [17]. [15] 

reviews different ORC cycles and underlines that for many applications there is a serious 

lack of experimental validation such that for the lower temperature range (80 to 200˚C) 

applications of ORC are mainly theoretical. The mid-range temperature waste heat can be 

found for instance in the aluminum industry which have huge amounts of waste heat energy 



7 

 

but at much lower temperatures than steel and iron [9]. Mid-range temperature also has 

potential for district heating and for chilling using absorption coolers [18].  

Hot gases from kilns in the ceramic, cement and other building material industries could 

fall in the mid-range or low temperature waste heat depending on the process [14]. In the 

cement industry, [19] presents the analysis of water-steam RC and ORC using the hot air 

exiting a rotary kiln at around 380˚C as heat source. It is estimated that 40% of energy from 

the cement industry is lost as waste heat and a typical cement plant feasibly offers about 6 

MW of electricity.  

Another mid-range temperature waste heat is exhaust gas from internal combustion engines 

(ICE). This includes any applications from ICE vehicles to remote location ICE power 

plants. Diesel generators used aboard marine vessels losses over 50% of the fuel’s energy 

as heat, half of which is in the exhaust between 300 to 500˚C. Thermoelectricity is a 

potential candidate to recover this heat and a review of several studies shows conversion 

efficiency from 3% to 8% [20].  

 

As mentioned previously, the non-ferrous metal industry, non-metallic mineral industry, 

food industry, and pulp and paper industry features nearly only waste heat in the low 

temperature range. Other industries includes the beverage industry, the textile industry, the 

chemical industry and the building material industry [16, 21].  

Since low grade heat is difficult to convert to electricity, the most efficient waste heat 

recovery is to use it as heat [5, 9, 22]. This heat can be reused elsewhere in the process as 
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is already done for instance in thermal plants, it can be used as space heating for the 

industry or for neighboring households. This last scenario is referred to as district heating 

and is a well-studied field [23-27]. District heating is already in use in several countries 

and consist of distributing heat locally via water pipes. In Sweden, temperatures of district 

heating are 60 to 120˚C at pressures up to 16 bar [25]. In the UK, almost 10 𝑇𝑊ℎ/𝑦𝑟 of 

space heating demand, 2% of the total demand, was supplied by district heating in 2014 

[23]. It is evaluated that up to 5% of Denmark’s heating demand could be met by district 

heating [27].  

While it is a cost-efficient method of heating, the range is very limited (low tens of km) as 

losses becomes significant [23]. [24] underline that space heating is very seasonal whereas 

the industrial waste heat is steady making district heating a seasonal benefit. This can be 

reduced by using the waste heat in conjunction with absorption chillers to perform district 

cooling in periods of high heat. [24]’s study didn’t consider waste heat lower than 100 ˚C 

as it wasn’t high enough to be efficient for district heating or cooling. [9] also suggested 

that temperatures lower than 100˚C were useful for space heating on site only although not 

a widespread practice in industry. Furthermore, while district heating can be cost 

beneficial, it is presented in [24] that it could actually raise the C02 emissions in some 

cases. 

Table 1 lists the main industries in which the different temperature ranges of waste heat 

can be found. Some industries are in several categories as they include different processes 

with different waste heat temperatures. An additional table can be found in annex, extracted 

from [21], listing exhaust gas temperatures of different industrial processes.  
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Table 1: Waste heat temperatures per industry 

Category Industry References 

Low temperatures  

≤ 200℃ 

Food and beverages [9, 12, 21, 28, 29] 

pulp, paper and printing [5, 9, 12, 21, 29] 

Chemicals and petrochemicals [12, 21] 

Aluminum [9, 29] 

Non-ferrous metals and non-metallic 

minerals 
[12] 

Plastics [5] 

Fiberglass [28] 

Mid temperatures 

200 - 400℃ 

Cement [17, 19, 28] 

Chemical and petrochemical [2, 9, 12] 

Glass [28, 29] 

Iron and steel, non-metallic minerals [9, 12] 

Gypsum and mineral wool [29] 

Ceramics [28] 

Plastics [5] 

High temperatures 

≥ 500℃ 

Iron and Steel [9, 12, 13] 

Glass [9, 17] 

Chemicals [9] 

Non-metallic minerals [12] 

Waste incinerator [20] 

 

Thermoelectricity for waste heat recovery 

Generally, studies involving several heat recovery and conversion methods will not take 

into account any waste heat lower than 100˚C other than as space heating [9, 17, 18, 22]. 

Furthermore, it is known that most waste heat is found at low temperatures [2, 6, 12]. This 

creates an opportunity for thermoelectricity, for low temperature application i.e. lower than 

200˚C. Using thermoelectric waste heat conversion would not impede space heating as just 
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a few percent would be converted to electricity, it could even be used in a co-recovery 

system with space or district heating.  

As mentioned previously, ORCs can be used for temperatures lower than 200˚C although 

it would not be a typical application for ORCs. [2] evaluates the theoretical conversion 

efficiency of ORCs for a hot side ranging from 100 to 225˚C with different working fluids. 

This efficiency was calculated from thermodynamics analysis of the enthalpy at different 

points in the cycle. Overlaying the thermoelectric conversion efficiency in Figure 1, it is 

seen that thermoelectricity has lower efficiency for these temperatures. It is important to 

note that the ORC efficiencies presented are purely theoretical. [28] presents an 

experimental study with a hot side temperature of 165˚C resulting in a net efficiency 

ranging for 7 to 11%. Under the same conditions, thermoelectric conversion efficiency is 

evaluated at 7.2%. [30] presents a comparison of three different cycles; the Trilateral 

Rankine Cycle (TRC), the Organic Rankine Cycle (ORC) and the Kalina Cycle (KC). At 

120˚C hot side, the conversion efficiency is found to be within 4 to 10%. Under the same 

conditions, thermoelectric conversion efficiency is evaluated at 4.6%. These last two 

studies indicate that thermoelectric waste heat conversion can be competitive with ORC at 

low temperatures. Furthermore, thermoelectricity has the advantage of being a much 

simpler system, having no moving parts and requiring minimal to no maintenance. Thus, 

thermoelectric conversion of waste heat at low temperatures is of interest.  
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Figure 1: Theoretical conversion efficiency of different ORC working fluids, image from [2], 

thermoelectric conversion efficiency is superimposed for a cold side of 0 and 20˚C 

 

A good example of the potential for thermoelectricity in waste heat recovery is the Smurfit-

Stone pulp and paper factory situated in La Tuque (Québec). A case study from the 

Department of Natural Resources Canada in 2012 [31] indicated this factory discharged 

123 000 𝑚3/𝑑𝑎𝑦 of effluents into the river, the equivalent of 5 Olympic pools per hour. 

No information was publish concerning the temperature of these effluents, but the Québec 

legislation imposes a maximum of 65°C [32] on effluents. As an example, considering a 

temperature far below that, at 45°C and a river temperature of 20°C (very warm for a 

Québec river) then recovering only 1% of this energy would represent approximately 1.4 

MW. This is enough to cover the energy consumption of over 440 average Canadian 

households based on the annual energy consumption in 2007 provided by Statistic Canada 

[33].  

Making use of thermoelectric (TE) modules in heat exchangers permits the conversion of 

waste heat into electrical energy without moving parts, with low maintenance and high 
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reliability. In the Smurfit-Stone example, a TE generator could be designed using fluid heat 

exchangers to recover the waste heat found in the effluents. This demonstrates the 

promising application for thermoelectricity in recovering of waste heat energy from the 

pulp and paper industry, or any other industry requiring cooling.  

 Thermoelectricity 

2.2.1 Thermoelectric effects 

Seebeck effect 

Based on the free electron model of metal, their atomic structure is composed of a fixed 

lattice of positive ions. With very small energy, i.e. the thermal energy at room temperature, 

the outer layers of electrons can move in the lattice and are called free electrons. At uniform 

temperature, the random movement of the free electron results in an overall net zero 

movement. When exposed to higher temperatures, free electrons move at higher speeds 

due to increased thermal energy. If a metal rod is exposed to a temperature gradient, the 

free electrons on the hot side will be moving at higher speed than those on the cold side 

and this will cause a net movement of electrons from the hot side towards the cold side 

generating a diffusion current. Since electrons are moving to the cold side, the electrons 

are no longer evenly distributed in the metal rod which generates an electric field and which 
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in turn generates a drift current of electrons from the cold side to the hot side. Once steady 

state is reached, the thermal diffusion current and the electrical drift current balance each 

other resulting in a net zero current and in an electric potential gradient proportional to the 

thermal potential gradient. This known as the Seebeck effect and is quantified by the 

Seebeck coefficient (𝛼) as the electrical potential gradient divided by the thermal potential 

gradient: 

 𝛼 =
∆𝑉

∆𝑇
 (1) 

In a device, this can be expressed as the open circuit voltage divided by temperature 

difference: 

 𝛼 =
𝑉𝑜
𝑑𝑇

 (2) 

For metals, the Seebeck coefficient is in the order of 1 to 10 𝜇𝑉/𝐾, whereas for highly 

doped semiconductors, the Seebeck coefficient is in the order of 100 𝜇𝑉/K. 

 

Figure 2: Open circuit Seebeck effect 
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If two rods of different metals were connected at their ends and one connection is heated, 

the Seebeck effect will occur in both rods but the steady state will result in a current as the 

effect will occur at different extent in both metals. In 1821, Thomas Seebeck rank ordered 

the effect of different metals by placing a compass inside a loop of two metals. Since a 

current is generated in steady state and circulating in a loop, a magnetic field is generated 

and affected the compass.  

 

Figure 3: Short-circuit Seebeck effect 

 

The same effect applies for doped semi-conductors. At room temperature, electrons in 

metals have enough energy to move around freely. On the other hand, semi-conductors are 

characterized as having an energy band gap. This band gap is the energy required for an 

electron to jump from a fixed position in the valence band to the conduction band where 
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they can move freely, similarly to electrons in metal. An intrinsic semiconductor will have 

very few electrons in the conduction band at room temperature.  

By substituting atoms in the lattice, it is possible to create energy levels within the bandgap. 

These levels are only occupied at 0 K and very little thermal energy will cause the electrons 

of these levels to go to neighboring bands (valence or conduction). This will cause the 

semiconductor to have substantially more electrons or holes than the intrinsic 

semiconductor. An energy level close to the conduction band is called a donor level, as the 

electrons in this level will be 'donated' to the conduction band. Similarly, a level close to 

the valence band will accept electrons from the valence band and is called an acceptor 

level. This creates electron holes in the valence band.  

Generally, there is enough thermal energy at room temperature that all donors/acceptors 

move to the bands and do not stay in the gap. The higher the donor concentration is, the 

more the Fermi level will shift towards the conduction band. This implies many free 

electrons and an n-type semiconductor. On the other hand, the higher the acceptor 

concentration, the lower (closer to valence) the Fermi level will shift, implying more 

electron holes in the valence band. This is a p-type semiconductor. 

In thermoelectricity, very highly doped semiconductors are used. This results in small band 

gaps and most importantly, a high number of charge carriers. These charges carriers are 

negative (electrons) in n-type semiconductors and positive (electron holes) in p-type 

semiconductors. The advantage of semiconductor over metals in thermoelectricity includes 

much higher Seebeck coefficients, having n-type and p-type materials and having control 

of the doping.  
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Indeed, semiconductors have Seebeck coefficients an order of magnitude higher than 

metals making them better suited for thermoelectric (TE) applications. Doping of 

semiconductors can be optimized to maximize the converted power. Furthermore, having 

n-type and p-type semiconductors permits the cumulation of effect by connecting 

alternating types electrically in series and thermally in parallel. N-type semiconductors acts 

similarly to metals, where a temperature gradient causes electrons (negative charge 

carriers) to diffuse toward the cold side whereas a p-type semiconductor will have electron 

holes (positive charge carriers) diffusing towards the cold side, resulting in electron moving 

towards the hot side, as illustrated in Figure 4. 

 

Figure 4: Closed-circuit thermoelectric effect 

 

Although the Seebeck effect is used to describe an open circuit electrical potential 

generated by a thermal potential, is also used to describe the closed-circuit operation in 
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which an electrical current is generated by a heat flux. The heat flux, absorbed on the hot 

side and rejected on the cold side, is known to be:  

 𝑄 = 𝛼𝐴𝐵𝐼𝑇 (3) 

Where 𝛼𝐴𝐵 = 𝛼𝐴 − 𝛼𝐵 is the Seebeck coefficient between the two materials A and B, 𝐼 is 

the electrical current and 𝑇 is the temperature of the surface. The Seebeck coefficient is 

material specific and temperature dependent. Figure 5 shows this for copper selenide.  

 

Figure 5: Copper selenide's (Cu2Se) Seebeck coefficient for different charge carrier 

concentration (c.c.) from [34] 
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Peltier effect 

The Peltier effect is the reverse of the Seebeck effect i.e. a heat flux generated by an electric 

current. It is characterized by the Peltier coefficient (Π) such that the absorbed and rejected 

heat flux is: 

 𝑄 = 𝛱𝐴𝐵𝐼 (4) 

Furthermore, the Peltier and Seebeck coefficients are linked by temperature: 

 𝛱 = 𝛼𝑇 (5) 

Since this thesis is focused on power generation, the Peltier effect will not be discussed. 

The important thing to note is that the heat flux and current are linked. The thermal and 

electrical aspect of the system are interdependent, and both are to be considered. 

Furthermore, the Seebeck and Peltier effects are basically the same, simply a different 

direction of heat flux and current.  

Thomson effect 

Generally, the Seebeck effect is considered only at the cold and hot surfaces of the material 

i.e. as an overall effect caused from having a hot side and a cold side. Since temperature 

follows a gradient across the material and the Seebeck coefficient is temperature 

dependent, heat is also absorbed or rejected along the material since a local temperature 

difference will generated a local potential gradient.  
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This implies the Seebeck effect applies across the material, not only at the surfaces. This 

effect within the material is called the Thomson effect. For small temperature differences, 

the local gradient is small enough that the Thomson effect can be neglected. This is the 

case in low temperature waste heat recovery applications as is the focus of this thesis. 

The Thomson effect is characterized by the Thomson coefficient (𝛽) from the Seebeck 

coefficient gradient such that: 

 𝑄 = 𝛽𝐼∆𝑇 (6) 

And: 

 𝑑𝛼𝐴𝐵

𝑑𝑇
=

𝛽𝐴𝐵

𝑇
 (7) 

Joule heating effect 

The joule heating effect (or the ohmic heating) can also be considered as a thermoelectric 

(TE) effect as it links an electric current to a heat flux. In any material, if an electric current 

is present then a heat flux will be generated such that: 

 𝑄 = 𝑅𝐼2 (8) 

Where R is the electrical resistance of the material. This resistance is named the internal 

resistance throughout this thesis as it refers to the resistance internal to the material in 

opposition to the external load resistance which refers to a resistance applied in the 

electrical circuit. 
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2.2.2 Thermoelectric power generation equations 

Generated power 

Assuming a one-dimensional heat flux and constant properties, from energy conservation, 

Fourier’s heat conduction and joule heating, the temperature profile can be solved as: 

 𝑇(𝑥) = −
𝐼2𝑅𝑖

4𝑘𝑤2𝑙
𝑥2 + (

𝐼2𝑅𝑖

4𝑘𝑤2
+

𝑇𝐻 − 𝑇𝐶

𝑙
)𝑥 + 𝑇𝐶  (9) 

Where 𝑥 is the longitudinal position starting at the cold side surface as shown in Figure 6 

and limited to the full length of the pellets (𝑙). Pellets are of width 𝑤 and 𝑘 is the thermal 

conductivity. Since properties are considered constant, the Thomson effect does not apply, 

and this is valid for low temperature difference. 

 

Figure 6: Thermoelectric couple for thermal profile, x starting from the cold side 
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Evaluating the heat flux entering the hot side (𝑄𝐻) and leaving the cold side (𝑄𝐶) as the 

combination of the Seebeck heat flux and the conduction heat flux: 

 𝑄𝐻 = 𝐼𝛼𝑝,𝑛𝑇𝐻 − 𝑘𝐴
𝑑𝑇

𝑑𝑥
|
𝑥=𝑙

 (10) 

 𝑄𝐶 = 𝐼𝛼𝑝,𝑛𝑇𝐶 − 𝑘𝐴
𝑑𝑇

𝑑𝑥
|
𝑥=0

 (11) 

Solving the thermal gradient at the surfaces from the temperature profile equation, the heat 

fluxes results in: 

 𝑄𝐻 = 𝐼𝛼𝑝,𝑛𝑇𝐻 +
𝐼2𝑅𝑖

2
− 𝐾∆𝑇 (12) 

 𝑄𝐶 = 𝐼𝛼𝑝,𝑛𝑇𝐶 −
𝐼2𝑅𝑖

2
− 𝐾∆𝑇 (13) 

Where 𝐾 is the thermal conductance, 𝐾 = 𝑘𝑤2/𝑙, and ∆𝑇 is the temperature difference 

between the two surfaces ∆𝑇 = 𝑇𝐻 − 𝑇𝐶. The heat fluxes can be analyzed as the cumulation 

of three effects, the first is the heat flux from the Seebeck effect, the second is the heat flux 

from the Joule heating effect and the third one is purely the thermal conduction as would 

be found in non-thermoelectric materials. An energy balance on the thermoelectric (TE) 

elements leads to the generated power as: 

 𝑃 = 𝛼𝑝,𝑛𝐼∆𝑇 − 𝑅𝑖𝐼
2 (14) 

This indicated that the power is simply the power generated by the Seebeck effect from 

which the joule heating is subtracted as losses. This was developed for a TE couple, a n-

type pellet connected to a p-type pellet. The Seebeck coefficient is the overall coefficient 
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for both pellets as 𝛼𝑝,𝑛 = 𝛼𝑝 − 𝛼𝑛. If considering a larger assembly of n elements, the 

equation becomes: 

 𝑃 = 𝑛𝛼𝐼∆𝑇 − 𝑅𝑖𝐼
2 (15) 

Where 𝛼 is the average Seebeck coefficient of n and p-type elements: 𝛼 = 𝛼𝑝,𝑛/2. The 

analysis could also be done for N number of couples instead of n number of elements. 

Several quick relations can be established from this power equation. Considering the power 

is the product of voltage and current: 

 𝑃 = 𝑛𝛼𝐼∆𝑇 − 𝑅𝑖𝐼
2 = 𝑉𝐼  (16) 

In open circuit, the voltage is found to be: 

 𝑉𝑜 = 𝑛𝛼∆𝑇 (17) 

Which satisfies the definition of the Seebeck coefficient. In short-circuit, the current is 

found to be: 

 𝐼𝑠 =
𝑛𝛼∆𝑇

𝑅𝑖
  (18) 

Maximum power, for constant temperature difference is found at load matching such that: 

 𝑃𝑚𝑎𝑥 =
(𝑛𝛼∆𝑇)2

4𝑅𝑖
  (19) 

At load matching (𝑅𝑖 = 𝑅𝐿), the current and voltage are half of the short-circuit current 

and open-circuit voltage.  
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Thermoelectric conversion efficiency 

The efficiency (𝜂) is defined as the generated power divided by the heat flux as: 

 𝜂 =
𝑃

𝑄𝐻
=

𝑛𝛼𝐼∆𝑇 − 𝑅𝑖𝐼
2

𝐼𝑛𝛼𝑇𝐻 +
𝐼2𝑅𝑖

2
− 𝐾∆𝑇

 (20) 

Two interesting efficiencies are found as the maximum efficiency and the efficiency at 

maximum power. The maximum efficiency is found to be: 

 𝜂𝑚𝑎𝑥 =
𝑇𝐻 − 𝑇𝐶

𝑇𝐻

√1 + 𝑧𝑇̅ − 1

√1 + 𝑧𝑇̅ +
𝑇𝐶

𝑇𝐻

 (21) 

Where 𝑧 is the Figure-of-Merit and is most often found under its dimensionless form: 

 𝑧𝑇̅ =  
(𝑛𝛼)2

𝑅𝐾
𝑇̅ (22) 

The Figure-of-Merit is defined in order to regroup all material properties found in the 

efficiency equation. As such, it is often used to compare material amongst themselves and 

a higher Figure-of-Merit indicates higher maximum efficiency. The Figure-of-Merit is 

temperature dependent and material dependent. Figure 7 shows the Figure-of-Merit of 

several common TE materials. If defined for bulk material or a single pellet, then: 

 𝑧𝑇̅ =  
𝛼2

𝑅𝐾
𝑇̅  =

𝛼2

𝜌𝑘
𝑇̅ (23) 
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Figure 7: Figure-of-Merit of common thermoelectric materials, image from [35] 

 

The maximum power happens at load matching such as the efficiency is found to be 

 𝜂𝑝𝑚𝑎𝑥 =
∆𝑇

2𝑇𝐻 +
4
𝑧 −

1
2∆𝑇

 (24) 

At a load resistance: 𝑅𝐿 = 𝑅𝑖√1 + 𝑧𝑇̅. 

Under constant temperature difference, maximum efficiency and efficiency at maximum 

power are not the same. Efficiency at maximum power is lower than the maximum 

efficiency. Since heat flux and electric current are interdependent, changing the load 

resistance affects both current and heat flux. At maximum power, load resistance is higher 
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such that the heat flux required to maintain the same temperature difference is higher. This 

is explained in more detail further in the thesis.  

It is important to note that several assumptions were made in the development of these 

equations in order to obtain analytical results. Some mathematical models consider the 

effect of temperature on material properties by using average temperatures such as [36]. If 

a more accurate temperature dependence analysis is required then finite element analysis 

can be performed such as in [37] where local temperature variations are considered inside 

the TE elements. It is possible to consider a non-uniform temperature distribution, the 

temperature dependent properties, the Thomson effect and even transient temperatures but 

this requires simulations, as in [38, 39], as it does not have simple analytical solutions. 

Furthermore, efforts are made to better present the behavior of thermoelectric materials 

under closed-circuit. For instance, studying the efficiency as function of the electrical 

current [40], the thermal variations caused by the movements of charge carriers [41] and 

the electrical output power as function of load resistance [42, 43].  

2.2.3 Thermoelectric components 

Thermoelectric pellets and materials 

The most basic components in thermoelectricity are the pellets. Pellets are simply prism of 

bulk material. Pellets are defined in this thesis as having a length (height) 𝑙, a width 𝑤 and 

being square based prisms as in Figure 8. 
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Figure 8: Geometry of a single thermoelectric pellet 

 

The most commonly used thermoelectric material for waste heat recovery is a crystalline 

semi-conductor composed of bismuth (Bi) and tellurium (Te) [44-49]; bismuth telluride 

(Bi2Te3) and its alloys. This material is used as it has the best conversion efficiency for 

low temperatures, this makes it well suited for waste heat application. The capacity of a 

semi-conductor to generate the thermoelectric effect is quantified using the Figure-of-Merit 

(z). 

Since all material properties necessary for establishing the maximum efficiency is found 

in the Figure-of-Merit, this parameter is widely used to compare between different 

materials. The Figure-of-Merit and Seebeck coefficient are well known to be strongly 

temperature dependent [50-52]. A field of study in thermoelectricity is focused on 

increasing the Figure-of-Merit through manipulating the composition and structure of the 

semiconductor in order to maximize conversion efficiency [53-56]. To maximize the 

Figure-of-Merit, transport properties needs to be changed. It can be done by the Seebeck 

coefficient and reducing the electrical resistivity and thermal conductivity. As an example, 

[57] raised the Figure-of-Merit silicon-germanium alloy from 0.9 to 1.3 by reducing the 



27 

 

thermal conductivity increasing the density of nanograin boundaries. Figure 9 shows the 

general relations between transport properties and charge carrier concentration.  

 

Figure 9: Effect of charge carrier concentration of material properties, image from [58] 

 

The transport properties can be modified by changing the composition or the atomic 

structure [59, 60]. This can be done by changing the synthesis of the material as in [61, 62]. 

[63] studies the effect of surface doping on the transport properties. [64] focuses on nano-

structuring the material to enhance the Figure-of-Merit. They modified both the maximum 

Figure-of-Merit and the temperature at which it occurs in 𝑆𝑏1.5𝐵𝑖0.5𝑇𝑒3 by changing the 

particle sizes for cold pressing and achieved a maximum of 0.86 at 273K. [65-67] modified 
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the composition of the material powder before spark plasma sintering. [65] added 𝛾 −

𝐴𝑙2𝑂3 nanoparticles to 𝐵𝑖2𝑇𝑒3 nanocomposite alloys and achieved a 35% increase in 

Figure-of-Merit, reaching 0.99 at 400K, compared to the base matrix for 𝐵𝑖2𝑆𝑒0.3𝑇𝑒2.7 

with 1 vol.% of 𝛾 − 𝐴𝑙2𝑂3. [66] and [67] added extra 𝑇𝑒 to 𝐵𝑖2𝑇𝑒3 alloys and achieved a 

maximum Figure-of-Merit of 1.33 at 398K and 0.7 at 398K for 20%(𝐵𝑖2𝑇𝑒3) −

80%(𝑆𝑏2𝑇𝑒3) with 3 mass% excess 𝑇𝑒 and pure 𝐵𝑖2𝑇𝑒3 with 10 mass% excess 𝑇𝑒 

respectively. 

Bismuth telluride alloys and other common thermoelectric materials are toxic and 

generates a lot of environmental pollution as they are extracted from the ground. Tellurium 

is also a rare resource and quite expensive.  As a consequence, efforts are placed to develop 

completely new material that would be more environmentally friendly and nontoxic such 

as [68, 69] who are working on developing silicon-based TE pellets.  While these are not 

currently competitive with commercial materials, they present a bright future for greener 

solutions.  

Thermoelectric couples 

Thermoelectric couples are composed of two pellets connected electrically in series and 

thermally in parallel. The interconnections in commercial modules are generally made of 

copper or nickel-plated copper and are soldered to the pellets.  
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Figure 10: Single thermoelectric couple composed of two pellets 

 

Although they use metals and not semi-conductors, thermocouples, the most widespread 

temperature sensor, operates using a TE couple. A junction of two different material is used 

in thermocouples to measure a temperature from the generated voltage. Standard 

thermocouples can be purchased composed of specific material depending on the 

temperature range that is to be measured. For instance, K type thermocouples are general 

purpose thermocouples with low cost and high temperature range (-200 to 1250˚C) 

composed of a Chromel (nickel-chromium alloy) lead and an Alumel (nickel-aluminum 

alloy) lead.  

Thermoelectric modules 

Thermoelectric (TE) modules are composed of a series of couples interconnected and held 

together between two plate. The plates are made of ceramic, generally alumina (𝐴𝑙2𝑂3) as 

it is thermally conductive but is an electrical insulator.  

Having couples interconnected assures that pellets alternate between n-type and p-type 

such that the effect of all pellets are cumulative. Commercial modules are available in 
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different dimensions and shapes. The most common ones are square although rectangular 

and round ones can be found. Some are even available with hole for screw mounting. 

Within the square selection of modules, 40 mm by 40 mm the most common standard 

dimension and these can be found in wide range of pellet number from 60 to 400. TE 

modules are often referred to as Peltier module as they are also used for heating and cooling 

using the Peltier effect.  

 

Figure 11: Thermoelectric module composed of 254 pellets 

 

Research on TE module includes reducing electrical contact resistance at interconnections, 

more effective fabrication, thermal stability and geometry optimization. Pellet geometry 

optimization is of importance because of its effect on power generation and conversion 

efficiency. These studies primarily focuses on improving the energy conversion by 

developing or by improving the physical design of the generator [70-73] including TE 

elements dimensions and fill factor [74, 75]. 

Min and Rowe in [76] optimized the pellet height for maximum power and efficiency and 

demonstrated the importance of the pellet height on the cost-per-watt and power output of 
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a module. They stress the importance of improving the thermal durability of modules as 

the mean time between failure of modules is of 10 years. [77] performed an experimental 

study of thermal cycling and showed a significant decrease in Figure-of-Merit, down to 

39% of original value in rapid cycling and 81% in slower cycling after 600 cycles. The 

drop in Figure-of-Merit and output power is attributed to an increase of internal resistance 

from separation between components (interconnections and pellets submitted to large 

stress imbalances) and to the diffusion of solder layer. They did not study the influence of 

pellet geometry but [78] studied the effects of pellet height and width on the thermal shear 

stress and concluded that taller and thinner pellets reduced the shear stress. These studies 

demonstrate that optimization of pellets in a module is not only important for power and 

efficiency but also for the durability of the module.  

Hodes in [75] optimizes pellet height and number for a fixed effective area under constant 

temperature difference. He later extended the optimization in [79] to include a thermal 

network representing heat exchangers. Min and Rowe [80] performed a similar 

optimization for power per unit area. [81] optimized the thermal resistance of a module for 

very low temperature differences (1 to 10K), similarly to [82] that modelled an effective 

thermal conductivity that includes Fourier’s heat conduction and the thermoelectric effect 

in order to optimize the pellet geometry and its effect on thermal resistance to maximize 

the output power. Analysis in [75, 76, 79-82] are all performed under constant temperature 

difference. Constant temperature difference is of limited use as most applications will not 

act as a constant temperature source. A more detailed review of relevant studies is 

presented in the corresponding sections of the thesis.  
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Chen et al. [83] demonstrated that the performance of thermoelectricity and the load 

resistance must be evaluated together in order to evaluate the efficiency of a system since 

the load will affect the thermal conditions and thus the performance of the TE module. As 

charge carriers are permitted to move through an external electrical load, they carry thermal 

energy at the same time altering the steady state thermal conditions and apparent thermal 

conductivity. This makes it necessary to analyze the overall thermal conductivity as a 

function of the load resistance in order to properly optimize a thermoelectric generator.  

Modules composed of segmented pellets or several layer (cascade modules) can be used to 

achieve higher conversion efficiency in higher temperature difference applications. While 

these can offer significant benefits under high temperature difference (over 600𝐾 [84]), 

they are of no benefit in low grade waste heat recovery applications.  

Thermoelectric generators 

Thermoelectric (TE) generators are here defined as TE modules assembled in heat 

exchangers to be used for conversion of heat to electricity. This includes any type of heat 

exchangers, for liquids or gases, in any configurations. Generators can be as small as a few 

watts for powering watches to kilowatts applications.  
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Figure 12: Thermoelectric generator composed of 40 modules and 3 heat exchangers for use with 

water 

 

In recent years, thermoelectric power generation  by waste heat recovery of industrial 

process cooling fluids has instigated a lot of research [43, 81, 85-91]. Numerous application 

design studies can be found for thermoelectric generators ranging from powers less than a 

watt for powering watches [92] up to kilowatts from waste heat recovery in a thermal power 

plant [93].  

Thermal studies, such as [94-97], aims at optimizing the thermal conditions at the TE 

modules by improving the heat source and sink design. Meng et al. [98] investigates the 

optimal design of a TE generator for recovering waste heat found in a car exhaust pipe. A 

critical parameter underlined in the study is the importance of the uniformity of temperature 

difference. The same is presented by Min and Rowe [99] who performed a theoretical 

analysis of conversion efficiency for internal combustion engines emphasizing on the 

importance of the temperature profile across the generator. Since the thermoelectric effect 

is the results of a thermal gradient mobilizing charge carriers thus an electrical current, a 

good thermal management solution is essential in optimizing a TE generator. Yazawa et 
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al. [100] demonstrated a potential power gain by creating an asymmetrical thermal field. 

In their study, they specify the necessity of including the heat source and sink as integral 

components of the generator during the design phase.  

Yang [101] demonstrated that using thermoelectric energy conversion could considerably 

reduce gas consumption of a cars internal combustion engine since over 75% of the 

combustion energy is wasted as heat, mostly through exhaust pipes and engine cooling. 

Thermoelectricity has the advantage of having no moving part and being able to convert 

low temperature heat to electricity. For instance, Stevens [102] investigates 

thermoelectrical power conversion for temperature difference ranges as low as 1 to 10°C. 

Other studies improves generated power using external electrical circuits such as maximum 

power point tracking (MPPT) [103-106] or by using circuit simulators to co-design the 

generator and its circuit electrical [83, 107].  
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3 Thermoelectric modules 

Before being able to optimize a thermoelectric generator, a study of a single TE module 

must be performed. The present chapter reports a novel method for complete 

characterization of thermoelectric modules based on a two-point measurement of their 

current-voltage (I-V) curves. The method provides quick and accurate measurements of 

the power curve, maximum power, open-circuit voltage, short-circuit current, internal 

resistance, Seebeck coefficient, thermal resistance and Figure-of-Merit. The method 

provides valuable properties of the modules required for the optimization of a system-level 

heat recovery design. The electrical and thermal properties of thermoelectric modules are 

investigated from a practical point of view, based entirely on the module’s I-V curve. The 

study presents the fundamentals of the method, detailed explanations on obtaining each 

parameter as well as an uncertainty analysis for each of them. The method is validated by 

measuring properties of 22 thermoelectric modules from 7 different manufacturers totaling 

100 I-V curves measurements and comparing results with the standard power measurement 

method. 

This method is based on an open circuit measurement and a short-circuit measurement of 

a module. The open circuit measurement is well known and documented through the 

Seebeck coefficient (α). A new coefficient β is defined to present the short-circuit 
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measurement equivalent to the Seebeck coefficient. This coefficient is shown to be linear 

with temperature difference leading to an I-V plane composed of all I-V curves at different 

temperature differences. All possible output of a module is contained within this I-V plane 

thus a full modeling of a module can be achieved from only α and β. Furthermore, all 

material and module properties can be extracted from both coefficients using the previously 

defined two-point method of characterization making the I-V plane using α and β a 

complete characterization and modeling method using only two easily measured 

parameters.  

Lastly, a thermal resistance model is developed for thermoelectric modules and validated 

against the 22 selected TE modules. This thermal resistance model is necessary in order to 

optimize a thermoelectric generator as the thermal conditions of the system determines the 

output power and efficiency of the TE generator. An overall optimization can then be 

performed while accounting for material properties, number of TE pellets per modules and 

dimensions of pellets. This optimization is performed in the next chapter using the thermal 

resistance model defined in the present chapter.  

 Thermoelectric module characterization 

It is necessary to perform module level characterization of thermoelectricity in order to 

design optimized applications. Module specification provided from thermoelectric (TE) 

module suppliers and manufacturers are generally very limited. Some present enough 
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information to design a power generation application (Custom Thermoelectric, Marlow, 

European Thermodynamics, hi-Z Technology and TEGmart) such as power, current and 

voltage at load matched conditions for several temperatures. Other providers (including 

TECTeg, WATronix, Merit Technology Group, FrozenTEC and Kryotherm) feature 

limited information generally under a single thermal condition. Some providers (TECTech, 

CUI, Laird, FerroTec and Advanced Thermoelectric) offer information on cooling 

applications only while stating the modules can be used for power generation. Important 

specifications such as Seebeck coefficient, internal resistance, Figure-of-Merit and thermal 

resistance are rarely provided. 

Relatively few studies address the properties of the modules themselves. Many can be 

found reporting the output of modules under different thermal conditions such as [108, 

109] but does not present a full and accurate characterization method. Karabetoglu [110] 

reports the Seebeck coefficient’s and electrical conductivity’s dependence on temperature 

and resulting effect on generated power without examining other parameters. Tatarinov et 

al [111] measured the electrical and thermal conductivity and power output of a module 

for several constant temperature differences and thermal interface materials. These papers 

rely on steady state measurements of the module’s output under different load resistances 

to determine some properties of TE modules, this is referred to as the standard steady state 

method in this study. 

The most widely used thermoelectric material characterization methods are the Harman 

method [64, 112-114], modified Harman methods [115, 116] and spectroscopy methods 

[117-119]. These methods make use of an electrical excitement to measure properties from 

electrical and thermal responses.  
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The Harman method proposed in 1958 [112] was developed in order to measure the Figure-

of-Merit (𝑧𝑇̅) of bulk TE materials by measuring the voltage response under a square-wave 

current excitation. This method is inherently limited to very small temperature differences 

[61, 120] and provides only 𝑧𝑇̅ measurements. Modified Harman methods, such as 

proposed by Buist [116], permit higher accuracy and the measurement of other properties 

by also measuring thermal responses. Spectroscopy methods are based on the same 

principles as Harman but examining the response under different frequencies of square or 

sinusoidal wave excitation. This provides the Figure-of-Merit, the Seebeck coefficient as 

well as the thermal and electrical conductance.  These methods isolate the bulk TE material 

from the module resulting in values that may be significantly different from the effective 

module values required for engineering application design. 

Min and Rowe [121] and Min et al [122] introduced a new method for measuring 𝑧𝑇̅ 

quicker and more accurately than the Harman method by measuring temperature 

differences under constant heat flux such that: 

 𝑧𝑇̅ =  
∆𝑇𝑜

∆𝑇𝑠
− 1 (25) 

Where ∆𝑇𝑜 and ∆𝑇𝑠 are the temperature differences at open and short circuit respectively. 

A variation of this was later presented [123, 124]  as a method based on comparing the 

current-voltage (I-V) curves under constant temperature difference and under constant heat 

flux: 

 𝑧𝑇̅ =
𝐼∆
𝐼𝑄

− 1 (26) 
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While this method proved to be quick, it still only provides 𝑧𝑇̅ and none of the other, much 

needed, properties.  

Pierce [125] compares 4 characterization methods; steady state, rapid steady state, Buist’s 

modified Harman method [116] and Min’s aforementioned method [121, 122]. Pierce 

concluded that the different methods reported varying values if they lumped module 

properties (steady state and rapid steady state) or isolated the TE material properties 

(Buist’s and Min’s). Min’s method was reported to be more accurate than Harman’s but 

also reported to be very sensitive to heat flux variations and yielding lower 𝑧𝑇̅ values when 

under high dT [120, 121, 125]. Min justified this as the Thomson effect being significant 

when under high temperature difference. While this may be interpreted as a critique, lower 

𝑧𝑇̅ under high temperature difference better represents realistic applications and thus 

should not be disregarded as an under-evaluation, rather an effective and practical value. 

McCarthy [120] introduced another I-V curve characterization method for finding 𝑧𝑇̅ and 

the thermal resistance of the module’s ceramic plates thermal resistance. Since the Harman 

method only characterize the TE material, this method was proposed to better represent the 

TE module by including the ceramic plates in the measurements. This method is quicker 

than that of [121, 122] as it requires measuring only 4 points, provides more information 

and was also extended to predict maximum power of the module. This method relies on 2 

steady state measurements and 2 transient responses.  

These methods provide bulk material measurements which is valuable to compare new 

materials between themselves but impractical when designing an application. While some 

research focuses solely on the Figure-of-Merit (𝑧𝑇̅) or open-circuit properties regardless of 
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behavior under load [126-128], it is insufficient for application design [125, 129, 130] and 

not suitable for considering the current and temperature effects when operating under 

realistic conditions [123]. In order to design a TE generator optimally, it is necessary to 

know the electrical and thermal properties of TE modules under operating conditions. Such 

information can be difficult to obtain for specific modules. All the characterization methods 

discussed only determine some properties necessary for system level design, none are 

complete.  

Rauscher [131] proposes a method for general characterization based on the power-current 

(P-I) curve. The experimental P-I curve is fitted with a second-degree polynomial to extract 

the TE properties. Although focus is set on efficiency, other properties are also presented. 

The method is limited since a second-degree polynomial fit is used and requires more data 

points to accurately characterize the module. Furthermore, some parameters are found 

indirectly leading to higher uncertainties, up to 10% is reported.  

3.1.1 Module Selection for Characterization  

A selection of 22 modules purchased from 7 manufacturers1 were tested. Table 2 details 

the module selection. Figure 13 shows the distribution of investigated modules for 

thickness and number of thermoelectric couples. The modules 18 to 21, of unknown 

manufacturers, were purchased through Amazon by distributors with no manufacturer 

information.  

 
1 All modules were purchased using research funds, authors and associated labs have no conflict of interest with the manufacturers. 
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Table 2: List of tested modules 

Module 

# 
Manufacturer Part Number 

Number 

of 

couples 

Measured 

overall 

thickness 

(mm) 

1 Custom Thermoelectric 03111-5M31-24CQ 31 4.66 

2 Custom Thermoelectric 03111-3M31-40CQ 31 6.2 

3 Custom Thermoelectric 1991-9Q31-02CQ 199 4.41 

4 Custom Thermoelectric 12711-5L31-06CQ 127 3.8 

5 Custom Thermoelectric 07111-5M31-24CQ 71 3.23 

6 Custom Thermoelectric 12711-5L31-05CQ 127 4.23 

7 Laird Thermal Systems UT6-19-F1-4040-TA 199 3.91 

8 Laird Thermal Systems CP12-161-06 161 3.61 

9 Laird Thermal Systems CP12-161-04 161 3.21 

10 Laird Thermal Systems UT15-12-F2-4040-TA 199 2.85 

11 TE Technology  HP-127-1.4-2.5-72 127 4.81 

12 TE Technology  HP-199-1.4-1.5 199 4.11 

13 TE Technology  HP-199-1.4-1.15 199 3.6 

14 TE Technology  HP-199-1.4-0.8 199 3.2 

15 TE Technology  HP-127-1.4-1.15-71 127 3.31 

16 TE Technology  HP-127-1.4-1.5-72 127 3.93 

17 CUI Inc CP60440 127 4.06 

18 Unknown TEC1-12705 127 3.78 

19 Unknown TEC1-12706 127 3.8 

20 Unknown TEC1-12709 127 3.5 

21 Unknown SP1848 SA 27145 127 3.73 

22 TecTeg TEG2-07025HT-SS 71 3.78 
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Manufacturer names are abbreviated as follow: Cstm Therm.; Laird; TE Tech; CUI; UNK; 

and TecTeg. Modules 17 to 22 are putted (sealed), this may slightly affect their output from 

thermal bridging but does not affect the characterization method or its accuracy. Modules 

are all of dimensions 40x40 mm and range from 2.85 mm to 6.20 mm thickness. The 

number of couples in the modules are 31, 71, 127, 161 and 199. All modules were tested 

under the same thermal conditions:  a constant 40°C temperature difference with a cold 

side held at 18°C. A constant heat flux under same heat flux as the open circuit of constant 

40°C was also performed for comparison with the method in [123, 124]. 

 

Figure 13: Distribution matrix of investigated thermoelectric modules 
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3.1.2 Experimental Characterization 

The experimental set-up used in this study consists of typical heat guarded iso-thermal 

surfaces for heat conductivity testing. The thermal set-up is the same as [132], a modified 

version of the standard guarded heat plate described in ASTM C177 [133] and similar to 

other TE characterization set-ups [125, 134]. 

Experimental Thermal-Electric Characterization Set-up 

The experimental set-up used to measure the thermoelectric modules properties consists of 

a guarded heater and a guarded cooler between which the investigated module is inserted. 

The use of a guard heater ensures the one directional flow of heat through the sample 

module. Figure 14 shows a representation of the set-up and a block diagram of the 

equipment. 

The primary and guard heaters are each fitted with 3 calibrated RTDs to accurately measure 

their temperatures as well as confirming the isothermal condition of the primary heater. 

The temperature or heat flux of the heaters are controlled by 8 cartridge heaters evenly 

distributed in the heaters. A dual channel power supply (Aim-TTi CPX400DP) is used to 

power the cartridge heaters in both primary and guard heaters. Heat sent to the guard heater 

is controlled by a PID controller programmed under MATLAB.  
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Figure 14: Top; Representation of the experimental set-up. Bottom; block diagram of equipment 

 

The cold side temperature is controlled by a remote sensing chiller (Julabo F32-HE) with 

a thermal stability of 0.01K. The primary heater and cooler have a surface of equal size to 

the tested thermoelectric modules (40 x 40 mm). 
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The primary and guard components are thermally guarded by a layer of 3D printed PLA. 

The thermal conductivity of PLA is known to be very low (≈ 0.18 𝑊/𝑚𝐾 [132]) and 

temperature difference of primary and secondary heaters were always below 0.03K when 

data is saved, insuring 1D heat flow from the primary heater through the tested sample. 

Under these conditions, heat conduction through the PLA separation is evaluated at ≈

0.01𝑊 well below the applied primary heat fluxes ranging from 10W to 60W. 

The set-up is compressed in a steel frame and the pressure is controlled and maintained 

constant at 312.5 kPa (500N) for all samples throughout testing by a load cell. Mineral 

wool insulation is placed surrounding the sample, the heaters and the coolers to reduce 

thermal leaking. The thermal contact resistance is reduced by using a drop of mineral oil 

on the polished heater and cooler surfaces.  

The thermoelectric module is connected to an electronic load resistance (BK Precision 

8600) and a voltmeter (Keysight 34401A). All RTDs are calibrated to an uncertainty of 

0.02K and measured using a data acquisition unit (Keysight 34970A). All instruments are 

remote controlled via GPIB using a custom MATLAB program except the chiller which 

communicates via RS232 to the same interface.  

Measurement Procedure 

All measurements were performed at steady state which was considered achieved when all 

temperature slopes over 3 minutes were lower than 0.0003 K/s (approx. 1 K/h). Full power 

curves used as benchmarks, as the standard steady state method (SSS method), are 
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measured with a minimum of 10 points. The first two point taken are open circuit and for 

a 0.1 Ohms load resistance. This load resistance was the smallest achievable with current 

set-up thus as close to short-circuit condition as possible. From these 2 points, a linear fit 

is used to determine the internal resistance of the module and the other 8 points are 

measured for load resistance using the following multiples of the internal resistance: 0.25; 

0.5; 0.75; 1; 1.25; 1.5; 2.5; 4.5. This selection of resistance results in a distribution of data 

surrounding the maximum generated power and an overall representation of the power 

curve. The characterization section compares these measured values with the values 

derived from the proposed 2-point method.  

Measurement Uncertainty  

The uncertainty of measured values is presented in Table 3. The uncertainties of derived 

values are presented alongside the results and are obtained from 10 000 iterations of 

Monte-Carlo simulations. Each measured value is simulated by a normal distribution 

centered on the measured value with twice the standard deviation equal the uncertainty of 

measured value. The value of a derived parameter is then considered equal to the average 

of the 10 000 values calculated in the Monte-Carlo simulation, with an uncertainty equal 

to twice the standard deviation of the resulting distribution. Similar Monte-Carlo method 

of uncertainty evaluation is found in [114, 135]. 
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Table 3: Uncertainty of measured values 

 Parameter 
Uncertainty of instruments and 

calibration 

Temperature Absolute[K] 0.02 

Module 

output 

Voltage [V] 0.0015% Reading + 0.004%Scale 

Current [A] 0.05%Reading + 0.05%Scale 

Heater output 
Voltage [V] 0.1% Reading + 0.02 

Current [A] 0.3% Reading + 0.02 

 

 IV curve characterization of thermoelectric modules 

In this study, a new method is presented which provides all properties of a TE module 

requiring only two steady state measurements thereby accelerating the characterization 

process. The proposed approach takes advantage of the I-V curve linearity, rather than a 

second-degree polynomial to completely and accurately characterize a thermoelectric 

module. Furthermore, the proposed method does not require two full I-V curve 

measurements like Min’s [121, 122] method in order to measure 𝑧𝑇̅. Results of the 

proposed method are compared to the standard full measurement of power curve under 

different electronic loads for 22 commercially available TE modules. This comparison is 

consistent with Pierce’s approach where the standard steady state method (SSS), full 

measurement of power curve, was used as a benchmark. The present work presents the 
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theory and method of the proposed characterization model along with SSS method 

validation and experimental results. 

3.2.1 Mathematical model of Thermoelectric I-V curve characterization 

This section establishes analytically that thermoelectric I-V curves are linear and how all 

properties can be extracted from the I-V curve. It can be demonstrated from the heat 

conduction, ohmic heating and Seebeck effect that the heat absorbed on the hot side (𝑄𝐻) 

and rejected on the cold side (𝑄𝐶) are:  

 𝑄𝐻 = 𝐾𝑜∆𝑇 + 𝐼𝑛𝛼𝑇𝐻 −
𝑅𝑖

2
𝐼2  (27) 

 𝑄𝐶 = 𝐾𝑜∆𝑇 + 𝐼𝑛𝛼𝑇𝐶 +
𝑅𝑖

2
𝐼2 (28) 

Where 𝐾𝑜 is the thermal conductance at open circuit, 𝑛 is the number of TE couples in the 

module, 𝛼 is the Seebeck coefficient for a couple (𝛼 = 𝛼𝑝 − 𝛼𝑛),  𝑇𝐻 and 𝑇𝑐 are the 

temperatures on the hot and cold side and 𝑅𝑖 is the internal electrical resistance. Figure 15 

shows the side of a thermoelectric module, its components and the main parameters used 

throughout this section.  
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Figure 15: Schematics of a thermoelectric module 

 

An energy balance on the module concludes the generated electrical power to be: 

 𝑃 = 𝐼𝑛𝛼∆𝑇 − 𝑅𝑖𝐼
2 (29) 

Furthermore, from the electrical equations the generated power is 𝑃 =  𝐼𝑉 thus: 

 𝑉 = 𝑛𝛼∆𝑇 − 𝑅𝑖𝐼 (30) 

Or: 

 𝐼 =
𝑛𝛼∆𝑇

𝑅𝑖
−

1

𝑅𝑖
𝑛𝛼∆𝑇 (31) 

From the electrical circuit: 

 𝐼 =
𝑛𝛼∆𝑇

𝑅𝑖 + 𝑅𝐿
 (32) 

Under short-circuit (𝑅𝐿 = 0): 

 𝐼|𝑅𝐿=0 = 𝐼𝑠 =
𝑛𝛼∆𝑇

𝑅𝑖
 (33) 

Where 𝐼𝑠 is the short-circuit current. Thus:  
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 𝐼 = 𝐼𝑠 −
1

𝑅𝑖
𝑉 (34) 

Necessarily, if 𝛼, ∆𝑇 and 𝑅𝑖 are constants then 𝐼(𝑉) is a linear function with a slope of 

−1/𝑅𝑖. The internal resistance and Seebeck coefficient are known to vary with 

temperature. By maintaining ∆𝑇 and 𝑇̅ constant (i.e. by measuring an I-V curve under 

constant temperature difference), 𝛼 and 𝑅𝑖 are also constant and 𝐼(𝑉) is demonstrated to 

be linear. This is supported by the experimental measurements presented in section 3.2.2. 

From the measured I-V curve, the short-circuit current (𝐼𝑠) and the internal resistance (𝑅𝑖) 

are found as the intercept of the y-axis and the slope of the graph. The open-circuit voltage 

(𝑉𝑜) can be found as the intercept of the x-axis or from the relation 𝑉𝑜 = 𝑅𝑖𝐼𝑠. Since the I-

V curve is linear, only 2 points are required to establish the equation and it is recommended 

to simply measure the open circuit as one of these two points to have maximum accuracy 

of 𝑉𝑜 rather then calculating it.  

As the thermal conditions (𝑄,𝑇𝐻, 𝑇𝐶) are controlled and measured, the Seebeck coefficient 

(𝛼) and thermal resistance (𝜆) are also known such that: 

 𝛼 =
𝑉𝑜

𝑛∆𝑇
  (35) 

 𝜆 =
∆𝑇

𝑄𝐻
 (36) 

The Figure-of-Merit is then calculated from the measured material properties as opposed 

to a direct method, such as Harman and its variations, since it is defined as: 

 𝑧𝑇̅ =
𝛼2𝜆𝑇

𝑅𝑖
 (37) 
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We consider how to obtain the power curve from the I-V curve. The power dissipated by 

the load being equal to the generated power: 

 𝑃 = 𝑅𝐿𝐼
2 (38) 

where 𝑅𝐿 is the load resistance. From the electrical circuit, the current is found to be: 

 𝐼 =
𝑉𝑜

𝑅𝐿 + 𝑅𝑖
 (39) 

Notice that this same equation under short-circuit demonstrates the internal resistance to 

be the slope of the I-V curve as seen previously such as: 

 𝑅𝑖 =
𝑉𝑜
𝐼𝑠

 (40) 

It can then be established that the power is: 

 𝑃 = 𝑅𝐿𝐼𝑠
2𝑉𝑜

2 (
1

𝐼𝑠𝑅𝐿 + 𝑉𝑜
)
2

 (41) 

This of course relies on the linearity of the I-V curve in order to accurately represent the 

power. Furthermore, under constant temperature difference conditions, maximum power is 

known to be for load matching (𝑅𝐿 = 𝑅𝑖) such that: 

 𝑃𝑚𝑎𝑥 =
𝑉𝑜

2

4𝑅𝑖
=

𝑉𝑜𝐼𝑠
4

 (42) 

Figure 16 shows the result of equation (41) using the 2-points method, superimposed with 

measured results of the SSS method.  
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Figure 16: Generated power for module 17 at constant temperature difference. Full power curve 
measurements (standard steady state method) are shown over the curve generated from the two-

point I-V method. 

 

Using the same bulk material, module properties can vary greatly from the geometrical 

design of pellet thickness, height, number and fill factor. Considering a linear I-V curve, 

let us analyze both intercepts i.e. 𝐼𝑠 and 𝑉𝑜 to determine the effect of geometrical parameters 

on the I-V curve: 

 𝐼𝑠 =
𝑛𝛼∆𝑇

𝑅𝑖
 (43) 

 𝑉𝑜 = 𝑅𝑖𝐼𝑠 = 𝑛𝛼∆𝑇 (44) 

The internal resistance depends on the electrical resistivity (𝜌) of the bulk material and the 

geometrical parameters such that: 

 𝑅𝑖 =
𝜌𝑛𝑙𝑇𝐸

𝑤2
 (45) 

Where 𝑙𝑇𝐸 is the height of a TE leg and 𝑤 the width of the leg. Electrical resistance of 

interconnection material is neglected. Thus:  
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 𝐼𝑠 =
𝑤2

𝑙𝑇𝐸

1

𝜌
 𝛼∆𝑇 (46) 

 𝑉𝑜 = 𝑛𝛼∆𝑇 (47) 

This indicates that open circuit voltage will depend on the number of TE couples whereas 

the short-circuit current depends on the transversal section area of the TE legs (i.e. the 

width). Notice that greater leg height would increase the temperature difference thus raise 

𝑉𝑜 but would not affect 𝐼𝑠. From the maximum power equation (42) it is concluded that the 

same maximum power can be achieved using a low voltage – high current module or a 

high voltage – low current module which is determined from the geometrical parameters. 

A high current module would indicate a low internal resistance and favor high heat 

conduction through the TE effect whereas a high voltage module implies a high internal 

resistance and lower heat conduction but with a greater temperature difference. The 

selection of a low or high electrical resistance module depends entirely on the application 

and should be optimized accordingly. A wide variety of modules were tested to validate 

the I-V curve characterization and is detailed in the following section.  

 

3.2.2 Experimental TE I-V curve 

This section discusses the I-V curve of a thermoelectric module and the advantage of using 

it for thermoelectric module characterization. In accordance with standard I-V curve 

practices for other characterization such as solar cells and diodes, the I-V plot of a 

thermoelectric module under constant temperature difference is presented in Figure 17 
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where it is shown to be linear as demonstrated analytically in section 3.2.1. This is not the 

case for constant heat flux condition as can be seen by the distribution of R-squared values 

for all I-V curves measured and represented in Figure 18. One hundred I-V curves were 

measured on 22 modules: 36 under constant temperature difference and 64 under constant 

heat flux.  

Furthermore, there is a clear relation of R-squared value to heat flux but not to temperature 

difference as shown in Figure 19. This figure shows the R-squared results of I-V curves 

from a single module under a range of thermal conditions. While R-squared is not a 

measure of the linearity of results, an analysis of the residuals shows a slight arch for 

constant temperature difference well within the uncertainty of measurements whereas the 

constant heat flux shows a definitive arch. 

 

 

Figure 17: I-V curve of module 6 at constant 40°C temperature difference 
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Figure 18: Statistical distribution of R-squared values for all measured I-V curves under constant 

heat flux (left) and under constant temperature difference (right) 

 

 

Figure 19: R-squared relation to thermal conditions, heat flux and temperature difference within 

a single module 
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Figure 20: (a) Residuals of module 6 I-V curve under constant heat flux and temperature 

difference. (b) Residual plots of the same module for different heat fluxes 

 

The residuals plot shows an arch suggesting a second-degree polynomial would better 

represent the experimental data. Considering the relative size of uncertainty and the arch 

under constant temperature difference, it is concluded that a linear fit is more than adequate. 

The same cannot be said of constant heat flux. This behavior has been noted in [123]. Thus, 

the 2-point method described in this study is deemed valid under constant temperature 

difference measurements only. 

In this case, considering that the I-V curve is linear, very few points are necessary in order 

to depict the output of the module. This greatly reduces the required time for 

characterization as it is mostly wait time to achieve thermal steady state for each data 

points. Taking experimental data over a wide range of load resistances to produce power 

curve is time consuming as steady state needs to be achieved for each load resistance. Thus, 
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it is much quicker to take advantage of the I-V curve linearity by measuring only two points 

and considering a straight line between them. Therefore, considering all properties can be 

extracted by only two points, using the linearity of the I-V curve, presents an advantageous 

method for complete characterization. The next section presents the experimental results 

of the 2-point characterization method. 

3.2.3 Complete characterization under constant temperature difference 

This section presents the complete characterization of TE module from the 2-point method. 

When applicable, these results are compared to those measured directly or to the standard 

steady state (SSS) method. The two points used are the open-circuit and lowest load 

resistance points first measured in the load resistance sequence. Results are calculated and 

presented for constant temperature difference I-V curves measured on the 22 modules as 

well as their uncertainty.  

Seebeck Coefficient 

Open circuit voltage is known to be a linear function of temperature difference, the slope 

of which defines the Seebeck coefficient: 

 𝛼 =
1

𝑛

𝑉𝑜
∆𝑇

 (48) 

The open circuit voltage is divided by the number of couples (𝑛) in order to obtain the 

Seebeck coefficient of a single TE couple. An uncertainty of 0.12% is found for the 
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standard 40°C temperature difference test done on all modules and is mostly due to 

temperature uncertainty. The results illustrated in Figure 21 are in agreement with known 

values ranging from 300 to 440 𝜇𝑉/𝐾  [136-138] for a TE couple (a junction of a n-type 

leg and a p-type leg). 

 

Figure 21: Seebeck coefficient measured for all modules under 40°C temperature difference 

normalized by the number of thermoelectric couples 

 

Short-circuit current 

Short-circuit measurements are performed indirectly as the lowest possible resistance 

achievable with the set-up is approximately 0.1 Ohms, including the resistance of the wires 

and connections. Short-circuit current is then extrapolated from the linear I-V curve as the 

intersection with the y-axis.  
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Short-circuit current uncertainty for the highest resistance module is 0.56% (module 3 at 

10.73 Ohms) whereas for the lowest resistance is 0.13% (module 1 at 0.147 Ohms) for 

currents of 0.297 and 3.196 A respectively. Figure 22 shows that the results from 2-point 

method and SSS method are in accordance, nearly all of them coincides within the 

uncertainty. It is found that the 2-point method tends to slightly under-estimate the short-

circuit current. The maximum observed difference is less than 1% and the average 

difference is 0.18%.   

 

Figure 22: 2-points method short-circuit results for all modules normalized by the standard 

steady state (SSS) method 

 

Internal Resistance 

The internal electrical resistance of the module is measured from the slope of the I-V curve 

such that: 
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 𝑅𝑖 = −
1

𝐼𝑉𝑠𝑙𝑜𝑝𝑒
=

𝑉𝑜
𝐼𝑠

 (49) 

Considering a linear I-V curve, the internal resistance of the module is the ratio of open 

circuit voltage and short-circuit current. The measured extremes, using the same modules 

as the short-circuit section, are 10.73 Ohms and 0.147 Ohms. Uncertainties of these values 

are evaluated at 0.75% and 0.2% respectively. Figure 23 shows that the results from 2-

point method and SSS method agree, results of only 3 modules do not coincide and 

maximum observed difference is 0.58% (average 0.15%).   

 

Figure 23: 2-points method internal resistance results for all modules normalized by the SSS 

method 

 

Calculating the electrical resistivity of the thermoelectric material (Bismuth telluride) from 

the internal resistance and the pellet geometry yields results consistent with literature as 

seen in Figure 24. Indeed, to the exception of module 1, all measured resistivity is between 

0.9 × 10−5 and 1.5 × 10−5  Ohm∙m and literature indicates resistivity values between 
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0.6 × 10−5 and 1.6 × 10−5  Ohm∙m [136-138]. As other properties, the resistivity is 

strongly temperature dependent.  

 

Figure 24: Electrical resistivity of the thermoelectric material composing the investigated 

modules 

 

The high resistivity of module 1 may be the result of defects seen in the TE elements shown 

in Figure 25. Two defects are seen on the same leg, a spheroid inclusion causing a top to 

bottom crack and a crack between the leg and interconnecting material. The bottom crack 

is most likely caused by the difference in thermal expansion between the leg and the 

interconnection. The thermally generated shear stress is aggravated in short, wide pellets 

[139] as is the case in this module. The module was used with temperatures lower than 

70°C, clamped with a 500 N force and thermally cycled 6 times during testing. Internal 

resistance increases as TE modules are thermally cycled, most likely caused by internal 

faults [77, 140]. 



62 

 

 

 

Figure 25: Picture of defects seen in the thermoelectric elements of module 1 

 

Thermal Resistance 

The thermal resistance is defined as the temperature difference divided by the heat flux 

such as: 

 𝜆 =
∆𝑇

𝑄𝐻
 (50) 

The resistivity (𝜌𝑇) and resistance (𝜆) are linked by the geometry as 𝜆 = 𝜌𝑇𝐴/𝐿. This 

property varies greatly from one module to another from many parameters including the 

fill factor, the geometry of the pellets, the interconnects and the ceramic plates as well as 

the nature of materials composing the module. Figure 26 shows the measured results of 

thermal resistance for all modules under open circuit conditions. Notice the lowest 

resistance is ≈0.78 K/W whereas the highest is ≈4 K/W a factor of over 5. Being an open 

circuit measurement, the 2-point method and the SSS method yields the same results.  
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Figure 26: Open-circuit thermal resistance of all modules 

 

Since all modules are of the same area (40x40mm) ordering them by thickness reveals a 

trend representing the thermal resistivity. Figure 27 reflects this by plotting the thermal 

resistance as a function of height of TE legs. The variation is attributed to variations of 

thickness in ceramic plates (from 0.6 to 1 mm) and interconnecting material (from 0.27 to 

1.26 mm). Being much more thermally conductive then Bismuth-Telluride (28 𝑊/𝑚𝐾 for 

Alumina and 400 𝑊/𝑚𝐾 for copper), the TE legs represent most of the thermal resistance. 

For the investigated modules, the TE material composes anywhere from 23% to 53% of 

the total thickness and with fill factors from 11% to 31%.  
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Figure 27: Open-circuit thermal resistance of investigated modules as a function of the height of 

the thermoelectric legs 

 

Figure-of-Merit 

The Figure-of-Merit is defined as: 

 𝑧𝑇̅ =
𝜆

𝑅𝑖
𝛼2𝑇 (51) 

Since the Figure-of-Merit is defined for open circuit properties 𝜆 = 𝜆𝑜. Figure 28 presents 

the results of measured Figure-of-Merit from the 2-point method once again normalized by 

the SSS method.  
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Figure 28: Figure-of-Merit obtained by the 2-points method normalized by the one obtained from 

the SSS method 

 

The results show that the two methods agree. Refs [123, 124] proposed a method of 

determining the Figure-of-Merit by comparing the I-V curve under constant heat flux and 

under constant temperature difference. In their work, the Figure-of-Merit is demonstrated 

to be: 

 𝑧𝑇̅ =
𝐼∆
𝐼𝑄

− 1 (52) 

where 𝐼∆ and 𝐼𝑄 are the short circuit currents under constant temperature difference and 

constant heat flux respectively.  

Figure 29 shows the Figure-of-Merit results for both methods, and shows that [123, 124]’s 

method and the 2-point method are in agreement. However, modules 14 and 19 yields 

significant differences between the methods thereby requiring further investigation.  
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Figure 29: Comparison of both methods for Figure-of-Merit measurements 

 

While lower than the general expectation of 𝑧𝑇̅ ≈ 1, these results are at low temperature 

with  𝑇̅ ≈ 38°𝐶 whereas Bi2Te3 approaches 𝑧𝑇̅ = 1 closer to 100°C and is strongly 

temperature dependent [79, 130, 141, 142]. Furthermore, 𝑧𝑇̅ is reduced under high 

temperature difference as Thomson effect becomes significant [122]. Literature presents 

Figure-of-Merit ranging from 0.4 to 1.2 [136-138], indicating results are within expected 

bounds.  

Maximum Power 

Prediction of maximum power from the 2-points method using the equation established in 

section 3.2.1 and measured maximums are compared in Figure 30.  Maximum difference 

is 1.8% and the average difference is 0.55%. For all modules, the maximum power is being 

slightly underestimated. This is easily explained by the slight curve of the I-V plot shown 
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in section 3.2.2. The 2-point method takes both extreme points of the I-V curve (open-

circuit and short-circuit) and use a linear fit, necessarily underestimating the maximum 

power which is located at the peak of the arch in the I-V curve.  

 

Figure 30: 2-point method maximum power results for all modules normalized by the SSS method 

 

Since maximum power is found under load matching condition, it is important to know the 

internal resistance. However, for maximum power point tracking, errors in internal 

resistance measurement is of no practical consequence as applications would have an 

MPPT tracker such as [143-145] compensating any error. Furthermore, the power curve 

surrounding the maximum power has a very gentle slope such that small variations of the 

load resistance would result in negligible variations in generated power. For instance, for 

module 6 under 40°C temperature difference, a 2% variation of resistance at maximum 

power will change the power by less than 0.01%. 
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Uncertainty Comparison 

It has been demonstrated that all properties can be extracted using an I-V curve. Table 4 

summarizes the uncertainty resulting from the 2-point method and the standard steady state 

(SSS) method. It also shows the maximum measured difference between both methods for 

all properties. 

Table 4: Uncertainty comparison for investigated modules 

Parameter 
Maximum 

difference 

Uncertainty range 

SSS method 

Uncertainty range 

2 points method 

Seebeck 

coefficient 

n.d. 0.11 – 0.16 % 

Short-circuit 

current 

0.96 % 0.07 – 0.36 % 0.12 – 0.56 % 

Internal resistance 0.58 % 0.10 – 0.61 % 0.13 – 0.76 % 

Thermal 

resistance 

n.d. 1.85 – 3.8 % 

Figure-of-Merit 0.58 % 1.88 – 3.79 % 1.89 – 3.84 % 

Maximum power 1.8 % 0.05 – 0.34 % 0.12 – 0.56 % 

 

Necessarily, using only 2 points rather than the SSS method will increase uncertainty, but 

the increases are negligible, validating the use of a 2-point method for characterizing 

thermoelectric modules.   
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 IV plane characterization and modeling of thermoelectric 

modules 

3.3.1 IV plane theory 

Section 3.2 demonstrated that all properties of a thermoelectric module can be identified 

from using only 2 experimental points. These properties are the Seebeck coefficient, the 

short-circuit current, the internal resistance, the thermal resistance and the Figure-of-Merit.  

The characterization method presented in the previous section takes measured data under 

a single known thermal condition in order to determine the value of different properties 

under those conditions, based on the short-circuit current (𝐼𝑆) and open circuit voltage (𝑉𝑜).  

The present chapter examines a module from a different approach. It asks what properties 

are necessary and most important to determine the output of a thermoelectric module under 

any conditions? How can the characterization method be extended to predict power under 

any thermal condition? 

In the section on thermoelectric IV curve theory, it was demonstrated that every material 

property can be determined from open circuit voltage and short-circuit current only. This 

implies that properly characterizing the behavior of a module for any thermal conditions 

under open circuit and short-circuit is of importance and that these can lead to knowing all 

properties demonstrated by the power equation: 

 𝑃 = 𝑅𝐿𝐼𝑠
2𝑉𝑜

2 (
1

𝐼𝑠𝑅𝐿 + 𝑉𝑜
)
2

 (53) 
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providing the output of a module under any conditions. This means that if the open circuit 

and short-circuit conditions are know, it is possible to determine the power.  

It is well known that the open-circuit voltage depends only on the Seebeck coefficient and 

temperature difference such that: 

 𝑉𝑜 = 𝑛𝛼∆𝑇 (54) 

which provides one of the 2 points necessary to predict the generated power. Notice the 

number of couples 𝑛 is added in order to obtain the Seebeck coefficient of a single TE 

couple. Furthermore, if the Seebeck coefficient is used as an affective value for the module 

instead of that of a couple, 𝑛 is no longer necessary. Since this section investigates the 

output of a module the effective value will be used and denoted with an apostrophe such 

that: 

 𝛼′ = 𝑛𝛼 (55) 

 𝑉𝑜 = 𝛼′∆𝑇 (56) 

While not being thoroughly documented like the open circuit voltage, the short-circuit 

current can also be demonstrated as linear with temperature difference such that a new 

property is established. The property is here defined as the Beta coefficient, in analogy to 

the Seebeck coefficient i.e. alpha, such that: 

 𝐼𝑠 = 𝛽∆𝑇 (57) 

which provides the second point necessary. Thus, knowing the Seebeck coefficient and 

Beta coefficient, the open circuit voltage and short-circuit current are known for any 
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temperature difference, enabling the prediction of generated power for any temperature 

difference. Contrarily to the voltage, the current is independent of the number of couples.  

In order to predict power generation under specific temperature difference, it is possible to 

link both coefficients to form an IV curve. Linking them for any temperature difference 

creates an IV plane in which any power generation conditions (temperature, heat flux, load 

resistance) can be identified. In other words, having established two straight lines defining 

both end points of every constant temperature difference IV curves and IV curves being 

linear, this implies the existence of an IV plane in which all possible module output is 

contained. 

Not only do the open circuit and short-circuit curves create orthogonal vectors, but these 

are along the x and y axis of the IV-dT plot and are part of the IV plane thus they define 

the plane equation such that: 

 ∆𝑇 =
1

𝛼′
𝑉 +

1

𝛽
𝐼 (58) 

The equation can be rewritten to be that of an IV curve for any temperature difference: 

 𝐼 = 𝛽∆𝑇 −
𝛽

𝛼′
𝑉 (59) 

From the Seebeck and Beta coefficients, it is possible to predict the power curve under any 

temperature difference. From the results of the previous section, the power can be 

expressed from the open circuit voltage and short-circuit current as: 

 𝑃 = 𝑅𝐿𝐼𝑠
2𝑉𝑜

2 (
1

𝐼𝑠𝑅𝐿 + 𝑉𝑜
)
2

 (60) 
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Replacing the coefficients: 

 𝑃 = 𝑅𝐿𝛽
2𝛼′2∆𝑇2 (

1

𝛽𝑅𝐿 + 𝛼′
)
2

 (61) 

Furthermore, the maximum power is then expressed as: 

 𝑃 =
𝛼′𝛽

4
∆𝑇2 (62) 

Results are presented in the next section. 

3.3.2 Experimental results 

This section presents the experimental results for the Seebeck and Beta coefficients. 

Results for the IV plane are also presented. Detailed results are presented for module 15 

and a summary is presented for the other investigated modules. 

Figure 31 shows the open circuit voltage of module 15 for a range of temperature 

differences. The Seebeck coefficient is found as the slope of this data set. Here, 𝛼′ =

0.0473 𝑉/𝐾 represents the Seebeck coefficient of the module. In order to have the 

coefficient of only one couple, the slope needs to be divided by the number of couples (𝑛 =

127) such that 𝛼 = 372 𝜇𝑉/𝐾. 

Material properties, including the Seebeck coefficient are known to vary with temperature. 

This can be seen even on the small temperature variations in the present work by 

calculating 𝛼′ = 𝑉𝑜/∆𝑇 for each measured point instead of taking the slope. Figure 32 
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shows the result of this, note that these measurements were made at constant cold side 

temperature while changing the hot side temperature. Thus, while the average temperature 

rises, so does the temperature difference which may affect the results.  

 

Figure 31: Open circuit voltage of module 15 under a range of temperature differenced. The 

linear fit's slope is the Seebeck Coefficient. 

 

Figure 33 shows the short-circuit current of the same module 15 for a range of temperature 

differences. The beta coefficient, measured as the slope, results in 𝛽 = 0.0294 𝐴/𝐾. Figure 

34 shows the temperature dependence of Beta. Contrarily to the Seebeck coefficient, Beta 

values drops as the temperature rises.  
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Figure 32: Temperature dependence of the Seebeck coefficient 

 

 

Figure 33: Short-circuit current under a range of temperature differences. The linear fit's slope is 

the Beta Coefficient 
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Figure 34: Temperature dependence of the Beta coefficient 

 

Figure 35 demonstrates this with experimental data from module 15, linking the Seebeck 

curve and Beta curve by the IV curves. This will be addressed as the IV-dT plot. For this 

graph, the short-circuit curve is the lowest measured resistance (0.1 Ohms) and not true 

short-circuit. True short-circuit values are found by extrapolation along the IV curve, as 

described in the previous section. 
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Figure 35: IV-dT plot of module 15 showing the IV plane created by the IV curves at different 

temperatures 

 

Solving the plane equation for the experimental data generates the following equation: 

 𝑑𝑇 = 21.607𝑉 + 33.13𝐼 − 0.5515 (63) 

Resulting in 𝛼′ = 0.0467 and 𝛽 = 0.0302, which were previously measured from the 

slopes as 𝛼′ = 0.0473 and 𝛽 = 0.0294, differences of 1.3% and 2.7% respectively. Note 

the offset of -0.5515, this is a result of either measurement uncertainty, the thermal contact 

resistance or the temperature dependence of properties causing nonlinearity. Maximum 

residuals for the plane fit of the data is of the order of 4%. 
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Figure 36: Alpha' and Beta coefficients for all modules 

 

Figure 37: Seebeck coefficient comparison between the 2-point IV curve characterization and the 

IV plane equation 

 

Figure 38 presents the results of power curves from equation (61) using 𝛼′ and 𝛽 from the 

IV-dT plane. Experimental data is superimposed on the curves. The error at maximum 
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power is found to be 8%, 3.9%, 3.1% and 0.6% for temperature differences of 10K, 20K, 

30K and 40K respectively. 

 

 

Figure 38: Power curve under constant temperature differences. Experimental data is 

superimposed on the curves obtained from the coefficients alpha and beta of the IV-dT plane 

 

I-V plane conclusion 

Extending the analysis of I-V curves and the two-point characterization method is 

demonstrated that using the Seebeck coefficient (𝛼) and the novel Beta coefficient (𝛽), a 

module can be completely and accurately characterized. TE module provider information 

is often very limited. Using these two quickly measured parameters ensures a complete 

characterization of both the material properties and the module output power. The 

parameters 𝛼 and 𝛽 defines the I-V plane for a TE module thereby providing the output 

power of the module under any thermal and load resistance conditions. Material properties 
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can also be extracted using the method established in the two-point characterization 

section.  

 Thermoelectric module thermal resistance 

3.4.1 Mathematical modeling of a TE module’s thermal resistance 

This section investigates the thermal resistance of a thermoelectric (TE) module in order 

to later optimize a TE generator. The thermal design of a generator is very important in 

order to maximize its output power. A model for the TE module’s thermal resistance is 

thus required in order to model the overall generator resistance. Figure 39 represents a 

small TE module (composed of only four elements, 𝑛 = 4). The thermal network is 

extended to represent a module of n elements. 

 

Figure 39: Thermal resistance network of a thermoelectric module 
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The total thermal resistance found from the thermal resistance network can be expressed 

as: 

 
𝑅𝑡𝑜𝑡 = 𝑅𝑐𝑠

(1)
+ (∑

1

𝑅𝑖𝑐,𝑖
(1)

𝑚

𝑖=1

)

−1

+ (∑
1

𝑅𝑇𝐸,𝑗

2𝑛

𝑗=1

)

−1

+ (∑
1

𝑅𝑖𝑐,𝑘
(2)

𝑚

𝑘=1

)

−1

+ 𝑅𝑐𝑠
(2) 

(64) 

where the indices 𝑖𝑐 and 𝑐𝑠 represents the interconnections and the ceramic substrates. 

Since the model considers 1D heat flux and interconnections are thin and highly 

conductive, it is possible to reduce them to squares of equivalent size as the thermoelectric 

elements shown in Figure 40. The model becomes: 

 𝑅𝑡𝑜𝑡 = 𝑅𝑐𝑠
(1)

+ (∑
1

𝑅𝑖𝑐,𝑖
(1)

+ 𝑅𝑇𝐸,𝑖 + 𝑅𝑖𝑐,1
(2)

2𝑛

𝑖=1

)

−1

+ 𝑅𝑐𝑠
(2) (65) 

 

Figure 40: 2D schematics of a TE module with (a.) normal interconnections and (b.) simplified 

interconnections 

 

For simplicity and without compromising the accuracy, let us consider identical 

interconnections dimensions and properties, ceramic plate dimensions and properties as 

well as identical thermoelectric elements dimensions and properties. While n-type and p-
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type thermoelectric do not have identical thermal properties, taking the average will result 

in the same overall properties. Therefore: 

 𝑅𝑡𝑜𝑡 = 2𝑅𝑐𝑠 +
2𝑅𝑖𝑐 + 𝑅𝑇𝐸

2𝑛
 (66) 

Furthermore, the overall thermal conductance of thermoelectric elements is a function of 

the heat conduction (Fourier heat equation) through the elements and the Peltier effect such 

that: 

 𝐾𝑇𝐸 = 𝐾𝑜 + 𝐾𝛱  (67) 

 𝐾𝑇𝐸 = 𝐾𝑜 +
(𝑛𝛼)2𝑇

(𝑅𝑖 + 𝑅𝐿)
 (68) 

Thus: 

 
𝑅𝑡𝑜𝑡 = 2𝑅𝑐𝑠 +

𝑅𝑖𝑐

𝑛
+

1

𝐾𝑜 +
𝑛2𝛼2𝑇

(𝑅𝑖 + 𝑅𝐿)

 
(69) 

Regarding the Peltier effect on thermal resistance, it is seen that load resistance affects the 

overall resistance. In open circuit, the resistance is maximal, and the Peltier effect is 

blocked. Under short-circuit, the Peltier effect is maximal and total overall thermal 

resistance is at its minimum. Table 5 summarizes the thermal resistance of a module under 

different load resistances.   
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Table 5: Thermal resistance under different electric load resistances 

Electrical 

resistance 

condition 

Total thermal resistance 

𝑹𝒕𝒐𝒕 

Note on thermal 

resistance 

Short circuit 
2𝑅𝑐𝑠 +

𝑅𝑖𝑐

𝑛
+

1

𝐾𝑜(1 + 𝑧𝑇̅)
 

Minimal 

Open circuit 
2𝑅𝑐𝑠 +

𝑅𝑖𝑐

𝑛
+

1

𝐾𝑜
 

Maximal 

Load matching 
2𝑅𝑐𝑠 +

𝑅𝑖𝑐

𝑛
+

1

𝐾𝑜 (1 +
𝑧𝑇̅
2 )

 
Average 

Notice that if the resistance of the TE elements is much greater that of the ceramic plates 

and interconnections then the ratio of short-circuit to open circuit resistance can be 

approximated as follows: 

 
𝑅𝑠

𝑅𝑜
=

1

1 + 𝑧𝑇̅
 (70) 

This ratio is smaller when a thermoelectric material with higher 𝑧𝑇̅ is used. The ratio is 1 

when a non-thermoelectric material is used (𝑧𝑇̅ = 0) and for a typical TE material (𝑧𝑇̅ = 1) 

this ratio is reduced to 0.5.  

Replacing the resistances with the material’s thermal conductivity, area and length; 

 
𝑅𝑡𝑜𝑡 = 2

𝑙𝑐𝑠
𝑘𝑐𝑠𝐴

+
1

𝑛

𝑙𝑖𝑐
𝑘𝑖𝑐𝐴𝑖𝑐

+
1

2𝑛𝑘0
𝐴𝑇𝐸
𝑙𝑇𝐸

+
(𝑛𝛼)2𝑇

(𝑅𝑖 + 𝑅𝐿)

 
(71) 

In the simplified interconnection model shown in Figure 40, the area of the TE legs and 

the interconnections are the same i.e. 𝐴𝑖𝑐 = 𝐴𝑇𝐸 = 𝑤2 resulting in an overall resistance:  
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 𝑅𝑡𝑜𝑡 = 2
𝑙𝑐𝑠

𝑘𝑐𝑠𝐴
+

1

𝑛

𝑙𝑖𝑐
𝑘𝑖𝑐𝑤2

+
𝑙𝑇𝐸(𝑅𝑖 + 𝑅𝐿)

2𝑛𝑘0𝑤2(𝑅𝑖 + 𝑅𝐿) + 𝑙𝑇𝐸(𝑛𝛼)2𝑇
 (72) 

This thermal model is validated against experimental data in the following sections. This 

model will be used in the next chapter in order to optimize a thermoelectric generator’s 

conductance for maximum power. Note that this model is not limited to constant 

temperature difference or constant heat flux but is more appropriate for constant 

temperature as the temperature is present in the model. Under constant heat flux, this 

temperature rise as load resistance is reduced. Thermal contact resistance was neglected as 

it is small in comparison to the module’s overall resistance. This is confirmed in the model 

validation section.  

3.4.2 Thermal resistance experimental results 

Experimental results are measured from the same set-up used throughout this chapter. The 

thermal conditions are measured for all data gathered resulting in measured thermal 

resistance under various temperature differences, various heat fluxes and various load 

resistances including open circuit and short-circuit. 

Figure 41 presents all measured thermal resistance for module 6 showing that the thermal 

resistance varies strongly with the load resistance but not with thermal conditions. The 

thermal resistance does not vary with temperature under the investigated range and is not 

affected by constant heat or constant temperature difference conditions. This is consistent 

with the developed mathematical model of the thermal resistance. The thermal conductivity 
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and electrical resistance are dependent on temperature, but the investigated range is too 

low to impact results.  

 

Figure 41: Thermal resistance of module 6, superimposing data taken under 5 different constant 

temperature differences (∆T=20;25;30;35;40) and 5 different constant heat fluxes 

(Q=10;12.5;15;17.5;20). 

 

Figure 42 presents measured thermal resistances under constant temperature difference and 

Figure 43 under constant heat flux. Each series of measurements is an IV curve for different 

thermal conditions. As expected, since heat flux drives the current in the thermoelectric 

effect, the thermal resistance is linear under constant heat flux whereas it is a second-degree 

polynomial under constant temperature difference.  
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Figure 42: Measured thermal resistance of module 6 under constant temperature difference 

plotted against A) load resistance, B) heat flux, C) current and D) voltage 
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Figure 43:Measured thermal resistance of module 6 under constant heat flux plotted against A) 

load resistance, B) temperature difference, C) current and D) voltage 

 

Since all curves of thermal resistance plotted against load resistance overlaps, the ratio of 

short-circuit resistance to open circuit resistance will be the same regardless of thermal 

conditions. This is consistent with the model as the resistance ratio is a function of the 

Figure-of-Merit only. Figure 44 shows the short-circuit and open circuit thermal resistance 

measurements of module 6 and shows these to be constant regarding thermal conditions. 

For this module, the short-circuit to open circuit ratio is measured at 0.619 which indicates 

a Figure-of-Merit of approximately 0.62. This result is close to the measured value during 

characterization of 0.64. Figure 45 present the thermal resistance ratio from measured 
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resistances and approximated from the Figure-of-Merit. Results are in very good 

accordance with exception to module 16.  

 

Figure 44: Measured short-circuit and open circuit thermal resistance of module 6 

 

Figure 45: Thermal resistance ratio for all modules, from measured thermal resistance and from 

Figure-of-Merit approximation 
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3.4.3 Thermal resistance model validation 

The thermal resistance model presented in this chapter is validated across all 22 

investigated modules. The model is solved using the same material properties for all 

modules, only the geometrical values vary from module to module. The most common 

interconnection material is copper (or a variation such as nickel plated copper) with a 

conductivity of 385
𝑊

𝑚2𝐾
 and the ceramic plates are made of alumina (𝐴𝑙2𝑂3) with a thermal 

conductivity of approximately 35 
𝑊

𝑚2𝐾
. Alumina is widely used for TE modules as it is a 

relatively low-cost ceramic with good dielectric properties and thermal conductivity. 

Presented results use these values and measured geometry results in an open circuit 

thermoelectric element conductivity 𝑘0 of 1.42
𝑊

𝑚2𝐾
 for best accordance with measured 

thermal resistances. 

Despite having neglected convective heat transfer between the TE elements and thermal 

bridging in the putted modules, the model does not present a systematic over or under 

evaluation of the resistance. Such a systematic error would be expected if a significant 

source of resistance (or conductance) was neglected. Rather, the model sometimes 

overestimates and sometimes underestimates the value of resistance. This is attributed to 

the uncertainty of all dimensional parameters. Figure 46 shows how a change of only 1% 

of width and height affects the thermal resistance model. While the pellets geometry was 

measured precisely, only 4 pellets were measured per module. Considering that modules 

were composed of 62 to 398 elements (31 to 199 couples), 4 elements is not a sufficient 

sample to accurately capture variations in element size within a module from 

manufacturing uncertainty.  
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Figure 46: Effects of 1% variation in width and height of thermoelectric elements on predicted 

thermal resistance 

 

 

Figure 47: Variations in predicted thermal resistance caused by a 1% variation of width and 

height of TE elements 
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Measurements of ceramic plates and interconnections are not a significant source of 

uncertainty as they compose only a small fraction of the total thermal resistance. Indeed, 

based on the model, ceramic plates account for approximately 0.5 to 2.5% of the thermal 

resistance and interconnections, 0.15 to 0.4%. Note that uncertainty of measured resistance 

is 4%. 

Figure 48 to Figure 51 presents the model results and measured thermal resistance for all 

22 modules using the same material properties in all of them. It is concluded that the 

thermal resistance model of a TE module can be used accurately optimize a thermoelectric 

generator.  
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Figure 48: Model validation with Custom Thermoelectric modules 
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Figure 49: Model validation with Laird modules 
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Figure 50: Model validation with TETech modules 
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Figure 51: Model validation with CUI (17), UNK (18 to 21) and TecTeg (22) modules 
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 Chapter conclusion 

It is demonstrated analytically that a complete characterization of thermoelectric modules 

can be performed using only 2 measurement points. In comparison, the standard steady 

state (SSS) method was performed using 10 points; concluding the 2-point method is 5 

times faster in this study. This is validated by an experimental investigation of 22 different 

thermoelectric modules, revealing measured properties in accordance with known bulk 

material properties and in accordance with results from the SSS method. All properties are 

determined from the open circuit voltage and short-circuit current providing a complete 

characterization.  The 2-points method is demonstrated to be quick, practical and accurate 

as well as providing all relevant thermoelectric properties required for proper optimization 

of a system level design.  

Since one of these two points is provided by the Seebeck coefficient, it is only necessary 

to establish a second point to completely characterize a module. A novel parameter, the 

Beta coefficient, is presented to provide this second point by defining the short-circuit 

current ratio to temperature difference. This not only completely characterizes a TE module 

but also generates an I-V plane in which the TE module output is contained for any possible 

thermal conditions and load resistance.  

Lastly, a thermal resistance model is established in order to proceed to the TE generator 

optimization. This model provides the thermal resistance as a function of the material 

properties, the pellet dimensions and the load resistance. The model is validated against the 

same selection of 22 modules  
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4 Thermoelectric generator optimization 

This chapter focuses on the optimization of thermoelectric (TE) generators and is 

composed of three sub-chapters. The first sub-chapter broadly analyzes the thermal 

resistance optimization of a TE generator under different boundary conditions including a 

generator operating between two fluid flows. The second sub-chapter studies in more detail 

the output power of a TE generator operating between to fluid flows. These first two sub-

chapters demonstrate, with two different approaches, the same thermal resistance criterion 

for optimal TE generator operation. The third sub-chapter incorporates the previous 

chapter’s thermal resistance model of a TE module into the analysis of TE generator in 

order to optimize the pellet geometry while considering the previously found optimal 

criterion of thermal resistance.  

 Optimization under various thermal conditions 

This sub-chapter investigates the optimization of thermoelectric generators considering 

heat exchangers, heat losses and fluid flows. This work expands on the approach used in 
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literature for constant temperature difference and constant heat flux in order to consider the 

presence of heat losses and fluid flow as heat source and sink. Refined thermal impedance 

matching criteria are developed as an optimal ratio of heat exchanger to module 

conductance. Constant Figure-of-Merit links the thermoelectric conductance to the internal 

resistance and optimal load resistance is provided for each condition. An effective thermal 

conductance is defined for the thermoelectric (TE) modules to consider the effect of 

electrical load resistance on the thermal transport and is validated by experimental data. It 

is demonstrated that maximizing the thermal conductance of the heat exchangers is the first 

step to achieving maximum power, regardless of the conductance of the TE module. Once 

the heat exchangers are fixed, updated thermal impedance matching criterion should be 

used to define the module’s conductance. Optimal conditions under constant heat flux is 

shown to be completely different when considering heat losses. 

A brief summary of modeling for ideal conditions first considers the absence of thermal 

contact resistance between the thermoelectric element and the reservoir. For these 

conditions, it is well established in classical thermoelectric theory that the generated power 

is maximized under electrical load matching i.e. for a load resistance (𝑅𝐿) equal to the 

internal resistance (𝑅𝑖) or for the conventional ratio: 𝑚 =
𝑅𝐿

𝑅𝑖
= 1. 

When considering thermal contact resistance, this condition is demonstrated to no longer 

be valid. For instance, Freunek and Al. [146] developed a rigorous model of thermoelectric 

elements imbedded in heat exchangers. They considered the Thomson effect, the Peltier 

heat, the Joule heat as well as thermal resistance of the modules and of the heat exchangers. 

The model was then simplified to draw conclusions such as that electric load matching 
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must be done to an effective internal resistance 𝑅𝐿 = 𝑅𝑖
𝑒𝑓𝑓

 wich encompasses the effect on 

thermal transport. Optimizing for conductance led to 
𝐾

𝐾0
= √1 + 𝑧𝑇̅, where 𝐾0 is the 

thermoelectric thermal conductance in open circuit, K is the total conductance of heat 

exchangers and 𝑧𝑇̅ is the dimensionless Figure-of-Merit. 

Apertet and Al. [147] developed a model with non-ideal heat exchangers (i.e. with a 

thermal resistance between the reservoir and the thermoelectric elements) and underlined 

that the thermal optimization depends on both the open circuit thermal conductivity and 

the Figure-of-merit. They arrived at the same conditions for thermal conductance 

optimization as Freunek and Al. and to a similar solution for electrical optimization: 𝑚 =

√1 + 𝑧𝑇̅. This is the same solution as Yazawa and Shakouri [148] in their analysis of 

asymmetric thermal contacts using the Lagrange multiplier method for optimizing power 

and efficiency. 

These models were all developed for constant temperature difference. In a more recent 

study, Apertet and Al. [149] performs a similar analysis for constant heat flux. Electric load 

matching for these conditions is shown to be 𝑚 = 1 + 𝑧𝑇̅.  Whereas for thermal 

optimization, they referred to Stevens results for constant temperature difference [81] 

which proposes maximum power for equal thermal resistance across the thermoelectric 

module and the heat exchangers (𝑅𝑇𝐸
𝑇 = 𝑅𝐻𝑋

𝑇 ). Stevens focused on optimization for waste 

heat recovery at low ∆T systems. Other than Stevens, who considered a fixed second law 

efficiency, all of the above-mentioned models considered a constant Figure-of-Merit.  
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The goal of this study is to provide insight and updated thermal impedance matching 

criteria when considering heat losses and fluid flows by studying these conditions side by 

side with constant temperature and constant heat flux and using a consistent analysis 

throughout. This study covers maximization of power for the following boundary 

conditions; constant temperature difference, constant heat flux, constant heat flux with 

thermal losses, constant inlet conditions of a counter-flow heat exchanger.  

4.1.1 Generated power 

The investigated set-up is that of a thermoelectric (TE) module embedded between two 

heat exchangers in contact with a heat source and a heat sink, such as illustrated in Figure 

52. This figure also illustrates the equivalent thermal resistance network of this set-up. The 

use of a superscript T differentiates between a thermal resistance (𝑅𝑇) and an electrical 

resistance (𝑅).  

Four temperatures are defined in Figure 52, 𝑇1 and 𝑇2 are the temperatures of the hot and 

cold reservoirs respectively while 𝑇𝐻 and 𝑇𝐶 are the temperatures of the hot surface and 

cold surface of the TE module. Furthermore, the temperature difference between the 

reservoirs is defined as: ∆𝑇 = 𝑇1 − 𝑇2 and the temperature difference across the TE module 

is 𝑑𝑇 = 𝑇𝐻 − 𝑇𝐶. 



100 

 

 

Figure 52: Thermal resistances of a thermoelectric generator. 

The heat flux entering the hot side (𝑄𝐻) of the thermoelectric module and leaving the cold 

side (𝑄𝐶) are known to be [150]: 

 𝑄𝐻 = 𝐾0𝑑𝑇 + 𝐼𝛼𝑇𝐻 −
𝐼2𝑅𝑖

2
 (73) 

 𝑄𝐶 = 𝐾0𝑑𝑇 + 𝐼𝛼𝑇𝐶 +
𝐼2𝑅𝑖

2
 (74) 

where 𝐾0 is the thermal conductance of the thermoelectric material in open circuit, 𝐼 is the 

electrical current and α is the Seebeck coefficient. From the electric circuit in Figure 53, 

the current can be written as: 

 𝐼 =
𝑉𝑂𝐶

𝑅𝑖 + 𝑅𝐿
=

𝛼𝑑𝑇

𝑅𝑖 + 𝑅𝐿
 (75) 

where Voc is the open-circuit voltage defined as 𝑉𝑜 = 𝛼𝑑𝑇. Thus, from an energy balance 

of equations (73) and (74) combined with the electric current (75) the power becomes: 

 𝑃 =
𝑅𝐿

(𝑅𝑖 + 𝑅𝐿)2
𝛼2𝑑𝑇2 (76) 
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Figure 53: Electric circuit of a thermoelectric generator and its electrical load. 

 

4.1.2 Constant temperature optimization 

From the thermal network illustrated in Figure 52 the temperature difference between the 

reservoirs is: 

 ∆𝑇 =  𝑑𝑇 +
𝑄𝐻

𝐾𝐻
+

𝑄𝐶

𝐾𝐶
 (77) 

For which 
𝑄

𝐾
 is the temperature drop across each heat exchanger. For simplicity the thermal 

conductance of the heat exchangers is considered equal which can thereby substituted by 

an overall heat exchanger conductance: 

 𝐾 =
𝐾𝐻𝐾𝐶

𝐾𝐻 + 𝐾𝐶
=

1

2
𝐾𝐻 =

1

2
𝐾𝐶 (78) 

Replacing the heat fluxes, electric current and overall exchanger conductance (78) in (77) 

yields:  
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𝑑𝑇 =

𝐾

(𝐾 + 𝐾0)
 

(𝑅𝑖 + 𝑅𝐿)

((𝑅𝑖 + 𝑅𝐿) +
𝛼2𝑇̅

(𝐾 + 𝐾𝑜)
)

∆𝑇 
(79) 

where 𝑇̅ =
𝑇𝐻+𝑇𝐶

2
 is the average temperature of the TE module. Replacing this in the power 

equation: 

 
𝑃 = 𝛼2∆𝑇2

𝐾2

(𝐾 + 𝐾𝑜)
2

𝑅𝐿

(𝑅𝐿 + 𝑅𝑖 +
𝛼2𝑇̅

(𝐾 + 𝐾𝑜)
)
2 

(80) 

Note that the same ∆T can be achieved for different temperatures thus in order to constrain 

the thermal conditions, ∆T and T̅ are considered constant. The power is optimized for an 

electrical load resistance:  

 𝑅𝐿
𝑜𝑝𝑡

= 𝑅𝑖 +
𝛼2𝑇̅

(𝐾 + 𝐾0)
 (81) 

Or, in terms of the ratio 𝑚 = 𝑅𝐿/𝑅𝑖 and the Figure-of-Merit zT̅; 

 𝑚𝑜𝑝𝑡 = 1 +
𝐾0

(𝐾 + 𝐾0)
𝑧𝑇̅ (82) 

such that power at optimal load is: 

 𝑃 =
1

4
𝑧∆𝑇2  

𝐾2

(𝐾 + 𝐾0)

1

(
𝐾
𝐾0

+ 1 + 𝑧𝑇̅)
 (83) 

Defining a second ratio 𝑛 = 𝐾/𝐾0, if heat exchanger conductance is fixed, the power is 

optimized for: 
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 𝑛𝑜𝑝𝑡 = √𝑧𝑇̅ + 1 (84) 

Which implies: 

 𝑚𝑜𝑝𝑡 = √𝑧𝑇̅ + 1 (85) 

 

Figure 54: Normalized power iso-contour for constant temperature difference under optimal 

electrical load resistance. 𝑧𝑇̅ = 1, ∆𝑇 = 60𝐾 𝑎𝑛𝑑 𝑇̅ = 318𝐾. 

 

These results are consistent with the studies presented in the introduction [146-148]. For 

those criteria, maximum power becomes: 

 𝑃𝑚𝑎𝑥 =
1

4

∆𝑇2

𝑇̅
  

𝑧𝑇̅

(√𝑧𝑇̅ + 1 + 1)
2 (86) 

In this situation, best practice would be to select the best possible heat exchanger and then 

select or design modules with a conductance in accordance with the ratio n. The load 

resistance must be defined during the design phase as it influences and is influenced by the 
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thermal conditions. However, if the conditions vary slightly during operation, the load 

resistance can be adjusted, for instance with an MPPT device such as [151-153].  

Note that this is a local maximum for fixed K as represented in Figure 55. If the system 

imposes a value of K0, these optimal criteria no longer apply. For constant K0, it is 

necessary to maximize K regardless of the criteria as power is a monotonic increasing 

function of K for K & K0 ≥ 0. 

 

Figure 55: Generated power for different heat exchanger conductance, all are optimized for the 

same ratio 𝑛𝑜𝑝𝑡 . 𝑧𝑇̅ = 1, ∆𝑇 = 60𝐾 𝑎𝑛𝑑 𝑇̅ = 318𝐾.  

 

To give a better perspective on values of K0 and K, the investigated TE module in [114], 

presented in Figure 56 and Figure 57, have an open-circuit thermal conductance K0 to the 

order of unity while the thermal conductance of an aluminum block (6061-T6) of the same 

dimensions is approximately 𝐾 = 70 𝑊 𝐾−1.  
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Applications for which the heat flux varies to maintain a constant temperature are rather 

limited. This would be the case for reservoirs from which the heat flux drawn by the TE 

module is negligible. For instance, thermoelectric power generation from body heat for 

wearable devices and powering sensors [154-156] could be approximated by these 

conditions. This would also occur for a significantly undersized generator. 

4.1.3 Constant heat flux optimization 

This section considers the more common scenario of a constant heat source with varying 

temperatures, such as an electronic circuit generating heat.  

By rearranging the heat flux equations (73) and (74), and fixing the cold side heat flux to 

𝑄𝐶 = 2𝐾(𝑇𝐶 − 𝑇2),  a set of two non-linear equations are found for the temperature 

distribution.  

 {
𝑄𝐻 − (𝐾0 +

𝛼2𝑇𝐻

𝑅𝑖+𝑅𝐿
)  𝑑𝑇 +

𝛼2𝑅𝑖

2(𝑅𝑖+𝑅𝐿)
2 𝑑𝑇2 = 0

(𝐾0 +
𝛼2𝑇𝐶

𝑅𝑖+𝑅𝐿
)  𝑑𝑇 +

𝛼2𝑅𝑖

2(𝑅𝑖+𝑅𝐿)
2 𝑑𝑇2 − 2𝐾(𝑇𝐶 − 𝑇2) = 0

  (87) 

As is the case for the previous boundary conditions, simply constraining the heat flux is 

insufficient. A temperature must be fixed in order to solve the system of equations. In the 

constant temperature difference scenario, it is logical to imply constant average 

temperature. For constant heat flux, based on realistic applications, constant cold side 

temperature (T2) is more suitable as changing thermal conductance of the generator will 

affect the temperature of the source but not of the sink (i.e. ambient temperature, cold fluid 

inlet…). 
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For any particular applications, if properties are known, the set of equations (87) can easily 

be solved numerically as a non-linear system of two variables (𝑇𝐻 and 𝑇𝐶 , where dT =

TH − TC and TC is constant) giving us an exact solution. 

In order to get a general analytical result, heat flux can be approximated as equal throughout 

the generator. Since the efficiency of commercial thermoelectric materials is quite low [76, 

157], especially in small temperature difference situations such that of waste heat recovery, 

this approximation is acceptable. Analytical results of the approximation and numerical 

results from the set of equations are compared in Figure 56 and supports this 

approximation.  

Since 𝑄 = 𝑄𝐻 ≈ 𝑄𝐶 , from the thermal network: 

 𝑄 =
𝐾𝑇𝐸𝐾

𝐾 + 𝐾𝑇𝐸
∆𝑇 (88) 

Where the thermoelectric conductance (KTE), is an effective heat conductance for the TE 

module defined as 𝑄 = 𝐾𝑇𝐸𝑑𝑇. Thus: 

 𝑑𝑇 =
𝐾

𝐾 + 2𝐾𝑇𝐸
∆𝑇 (89) 

Rearranging the exact relation of ∆T and dT (equation (79)): 

 
𝑑𝑇 =  

𝐾

(𝐾 + 2(𝐾0 +
𝛼2𝑇̅

(𝑅𝑖 + 𝑅𝐿)
))

∆𝑇 
(90) 

Comparing to equation (89), 𝐾𝑇𝐸 is found to be: 
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 𝐾𝑇𝐸 = 𝐾𝑜 +
𝛼2 𝑇̅

(𝑅𝑖 + 𝑅𝐿) 
 (91) 

This is equivalent to Apertet and Al.’s version in [147, 149]. Figure 57 presents the 

thermoelectric conductance for this model compared to experimental data defined 

as 𝐾𝑇𝐸 =
𝑄𝐻

𝑑𝑇
. In order to keep this study concise, for details concerning experimental data 

refer to [114]. 

 

Figure 56: Comparison of power generated by a TE module under constant heat flux, 

experimental, numerical (system of equations (87)) and approximated (equation (97)). 
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Figure 57: Effective thermoelectric conductance of a TE module (equation (91)) using the 

average temperature from the system of equations (87) and approximated results (96). 

 

Replacing equations (88), (90) and (91) in the power equation (76): 

 𝑃 =
𝛼2 𝑄2

𝐾𝑜
2 

 (
𝑅𝐿

𝑅𝐿 + 𝑅𝑖 +
𝛼2

𝐾𝑜
 𝑇̅

)

2

  (92) 

Optimal resistance ratio yields:  

 𝑚𝑜𝑝𝑡 = 1 + 𝑧𝑇̅ (93) 

Thus: 

 𝑃𝑚𝑎𝑥  =
𝑧𝑄2

4𝐾0

1

(1 + 𝑧𝑇̅)
 (94) 
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which is optimized for 𝐾0 → 0 independent of the heat exchanger conductance. For the 

optimal ratio 𝑚𝑜𝑝𝑡, the effective thermoelectric conductance becomes: 

 𝐾𝑇𝐸 = 𝐾0 (1 +
𝑧𝑇̅

2 + 𝑧𝑇̅
) (95) 

Equation (93) is the same as found by [149] but the analysis did not go as far as equation 

(94). The power equation is expressed in terms of 𝑇̅, however a more interesting case is 

with respect to a fixed cold reservoir temperature 𝑇2. From the thermal network and heat 

flux equations, 𝑇̅ can be approximated as: 

 𝑇̅ ≈ 𝑇2 +
𝑄𝐶

𝐾𝐶
+

𝑄

2𝐾0
≈ 𝑇2 +

𝑄

2𝐾
+

𝑄

2𝐾0
 (96) 

Replacing this into the power equation (94): 

 
𝑃𝑚𝑎𝑥 =

𝑧𝑄2

4𝐾0

1

(1 + 𝑍 (𝑇2 +
𝑄
2𝐾

+
𝑄

2𝐾0
))

 
(97) 

In the case of fixed 𝑄 and 𝑇2, 𝐾 will only affect the average temperature. The power is still 

optimized by minimizing 𝐾0. It is seen that raising 𝐾 has a limited benefit on 𝑇̅. If 

considering the average temperature as constant, 𝐾 has no influence on the results.  

Generated power under constant heat flux is demonstrated to be maximum when 

minimizing 𝐾0. However, 𝐾0 approaching 0 implies that ∆𝑇 and P approaches infinity (see 

equation (94)). Clearly, this is inadmissible in thermoelectric applications as an upper 

bound on temperature is unavoidable due to technological and material limitations. 

Furthermore, a realistic application would be subject to heat losses, proportional to ∆𝑇, 
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which would worsen as the hot side temperature rises. This would indicate that minimizing 

𝐾0 is an insufficient condition as it would lead to ever greater losses. Balance must be 

struck between heat flux and temperature difference. Both are beneficial to the 

thermoelectric conversion but as ∆𝑇 raises with a decreasing 𝐾0, 𝑄𝐻 will also decrease due 

to increasing losses. The next section investigates these heat losses.  

4.1.4 Optimization in presence of heat losses 

In the previous sections, each analysis assumes that regardless of applied conductance, all 

the heat flux will necessarily pass through the thermoelectric (TE) modules. Naturally, 

some losses will occur in which heat will pass from the source to the sink without crossing 

the TE module. This can take the form of heat losses towards the environment or even in 

between modules. In this analysis, heat loss is represented by a thermal shunt resistance 

(𝑅𝑆𝐻
𝑇 ) as in Figure 58. Heat transferred from the source will be separated into two such that: 

 𝑄 = 𝑄𝐻 + 𝑄𝑆𝐻 = 𝑄𝐻 + 𝐾𝑆𝐻∆𝑇 (98) 

Note that 𝑄𝐻  is the heat flux entering the TE module and the only portion contributing to 

the thermoelectric conversion. 
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Figure 58: Thermal resistance network in presence of leaked heat, represented by a thermal 

shunt resistance 

 

If ∆𝑇 is constant, the added consideration of the thermal shunt resistance will simply add 

a constant heat loss regardless of conductance since ∆𝑇 is the same for both branches of 

the thermal network. Thus, only constant total heat flux (𝑄) is of interest for this section. 

Having demonstrated the validity of the approximation of a constant heat flux through the 

TE module and the heat exchangers in the previous section, this approximation is used for 

the rest of the study. From this, the temperature difference is found as: 

 ∆𝑇 =
𝐾 + 𝐾𝑇𝐸

𝐾𝑇𝐸𝐾𝑆𝐻 + 𝐾𝐾𝑆𝐻 + 𝐾𝑇𝐸𝐾 
𝑄 (99) 

Replacing this, equation (89) and equation (91) in the power equation: 

 
𝑃 =

𝛼2𝑄2

(𝐾0(𝐾𝑆𝐻 + 𝐾) + 𝐾𝐾𝑆𝐻)2
𝐾2𝑅𝐿

(𝑅𝐿 + 𝑅𝑖 +
𝛼2𝑇̅(𝐾𝑆𝐻 + 𝐾)

(𝐾0(𝐾𝑆𝐻 + 𝐾) + 𝐾𝐾𝑆𝐻))
2 

(100) 

Which is optimized for: 



112 

 

 𝑚𝑜𝑝𝑡 = 1 +
(𝐾𝑆𝐻 + 𝐾)𝐾0

(𝐾0(𝐾𝑆𝐻 + 𝐾) + 𝐾𝐾𝑆𝐻)
𝑧𝑇̅ (101) 

Resulting in: 

 𝑃 =
𝑧𝑄2

4

𝐾2

(𝐾𝑆𝐻 + 𝐾)2
1

(𝐾0 +
𝐾𝐾𝑆𝐻

(𝐾𝑆𝐻 + 𝐾))
[

𝐾𝐾𝑆𝐻
(𝐾𝑆𝐻 + 𝐾)

1
𝐾0

+ 1 + 𝑍𝑇̅]
 (102) 

Notice that if 𝐾𝑆𝐻 = 0, equation (102) is exactly the same as equation (94) i.e. without heat 

losses. Considering the presence of losses (𝐾𝑆𝐻 ≠ 0) and externally imposed heat sink such 

that K is constant, then power is optimized for: 

 𝑛𝑜𝑝𝑡 =
(𝐾𝑆𝐻 + 𝐾)

𝐾𝑆𝐻
 √1 + 𝑧𝑇̅ (103) 

 

Figure 59: Normalized power iso-contours for constant heat flux in presence of losses where 

𝐾𝑆𝐻 = 0.1, 𝑧𝑇̅ = 1 𝑎𝑛𝑑 𝑇̅ = 318𝐾. 
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Replacing 𝑛𝑜𝑝𝑡 in equation (101) brings us back to the same result of resistance ratio as for 

constant ∆𝑇: 

 𝑚𝑜𝑝𝑡 = √1 + 𝑧𝑇̅ (104) 

The effective conductance in presence of heat losses is: 

 𝐾𝑇𝐸 = 𝐾0 (1 +
𝑧𝑇̅

(2 +
(𝐾𝑆𝐻 + 𝐾)𝐾0

(𝐾0(𝐾𝑆𝐻 + 𝐾) + 𝐾𝐾𝑆𝐻) 𝑧𝑇̅)
) (105) 

Which, for optimal 𝑚 and 𝑛 results in: 

 𝐾𝑇𝐸 = 𝐾0√1 + 𝑍𝑇̅ (106) 

From equations (103) and (106), an updated thermal impedance matching criterion can be 

established as: 

 𝐾𝑇𝐸 =
𝐾𝐾𝑆𝐻

𝐾 + 𝐾𝑆𝐻
 (107) 

At 𝑚𝑜𝑝𝑡 and 𝑛𝑜𝑝𝑡, the maximum power is found to be: 

 𝑃𝑚𝑎𝑥 =
𝑄2

4𝑇̅

𝐾

𝐾𝑆𝐻(𝐾𝑆𝐻 + 𝐾)

𝑧𝑇̅

(1 + √1 + 𝑧𝑇̅)
2 (108) 

Of course, power is optimized for an absence of heat losses, (𝐾𝑆𝐻 = 0), as this is the best-

case scenario and 𝐾𝑆𝐻 should be minimized. As was the case for constant ∆𝑇, these criteria 

(𝑚𝑜𝑝𝑡 & 𝑛𝑜𝑝𝑡) are only for fixed 𝐾. Although minimizing 𝐾 further will be beneficial even 

if it results in no longer respecting the criteria. Thus if 𝐾0 can be designed to any value, 
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best practice would be to select best possible heat exchangers, minimize the losses and only 

then design TE module with a correct value of 𝐾0. 

Note that this maximum power is an increasing monotonic function of 𝑧𝑇̅ thus any increase 

of the Figure-of-Merit will increase generated power. In absence of losses, power is limited 

by the ability to reduce 𝐾0 whereas in presences of losses, power is limited by the ability 

to reduce 𝐾𝑆𝐻 , maximize 𝐾 and achieve 𝐾0 = 𝐾𝑛𝑜𝑝𝑡. This result is rather important, as heat 

losses are present in all applications and is more representative of reality than the constant 

heat flux model. 

4.1.5 Optimization for fluid flows 

A promising application for thermoelectric power generation is that which uses flowing 

fluids as a heat source and heat sink. Previous scenarios considered heat reservoirs in which 

heat is drawn through a thermoelectric module or leaks between the reservoirs. In this next 

scenario, counter current heat exchangers with fluid flows are considered. In such a case, 

reservoirs are no longer static entities, they have entries and exits and are influenced by 

thermoelectric generator design. The amount of heat leaving the hot reservoir is a function 

of the conductance of the heat exchangers and that of the TE module as well as properties 

of the fluid flow. Figure 60 represents this, heat flux in the hot reservoir partially goes 

through the module and the rest simply exists the heat exchanger. Note that this model is 

used to keep a consistent approach with the analysis of previous sections and to draw 

general conclusions regarding conductance. Full 3D simulation is recommended for 

application design. 
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Figure 60: Representation of heat flow for a thermoelectric module embedded in heat 

exchangers. 

 

The implication is that the reservoirs are no longer of uniform temperature. As heat is 

depleted from the hot reservoir, the hot side temperature drops and similarly, the 

temperature rises in the cold reservoir as a function of the position. The heat flux leaving 

the hot reservoir is related to the temperature and flow: 

 𝑄𝐻 = 𝐶𝐻(𝑇1,𝑖𝑛 − 𝑇1,𝑜𝑢𝑡) (109) 

Where 𝐶 = 𝑚̇𝑐𝑝 is the heat capacity rate defined by the mass flow rate (𝑚̇) and specific 

heat (𝑐𝑝) of the fluid, 𝑇1,𝑖𝑛 is the entrance temperature and 𝑇1,𝑜𝑢𝑡  the exit temperature. The 

same can be written for the heat flux entering the cold reservoir: 

 𝑄𝐶 = 𝐶𝐶(𝑇2,𝑜𝑢𝑡 − 𝑇2,𝑖𝑛) (110) 

By the same assumption as earlier (𝑄𝐻 ≅ 𝑄𝐶), equaling heat capacity rates for the hot and 

cold reservoirs generates a constant temperature difference ∆𝑇 along the TE module as an 

increment of temperature on one side is reflected by the same amount on the other side. 

This is well illustrated in [158], where such a condition is demonstrated as optimal for 

power generation.  
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Thus, a constant heat capacity rate 𝐶 is used for both hot and cold reservoirs resulting in a 

constant ∆𝑇 with respect to longitudinal position throughout the system. Furthermore, 𝐶 

and 𝑧 are considered independent of temperature implying that the temperature profile only 

affects ∆𝑇 and the heat flux. Figure 61 illustrates the temperature profile for such a system. 

The temperature difference is defined as: 

 ∆𝑇 = 𝑇1(𝑥) − 𝑇2(𝑥) = 𝑇1,𝑖𝑛 − 𝑇2,𝑜𝑢𝑡 = 𝑇1,𝑜𝑢𝑡 − 𝑇2,𝑖𝑛 (111) 

 

Figure 61: Temperature profile of the reservoirs considering fluid flows as heat source and sink. 

Equal heat capacity rates are used, resulting in a constant ∆𝑇. 

 

We also define the inlet temperature difference as: 

 𝛩 = 𝑇1,𝑖𝑛 − 𝑇2,𝑖𝑛 (112) 

Note that for a given application 𝛩 is a constant while ∆𝑇 depends on the conductance 

since 𝛩 depends only on the inlet temperatures. From the definition of 𝛩 and ∆𝑇, the heat 

flux from the fluid’s perspective can be rewritten as: 
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 𝑄 = 𝐶(𝛩 − ∆𝑇) (113) 

Combined with the equation (88) of heat flux through the heat exchangers and TE module, 

the temperature difference yields: 

 ∆𝑇 = 𝛩
𝐶(𝐾 + 𝐾𝑇𝐸)

𝐶𝐾 + 𝐶𝐾𝑇𝐸 + 𝐾𝑇𝐸𝐾
 (114) 

Note that C and K are compatible dimensions as they are of same units (in dimensional 

analysis: [𝑀1𝐿2𝑇−3𝛩−1]). 

Combining equation (76), (91), (89) and (114), the generated power results in: 

 
𝑃 =

𝛼2𝛩2𝐶2𝐾2

(𝐶𝐾 + 𝐾0(𝐶 + 𝐾))
2

𝑅𝐿

(𝑅𝐿 + 𝑅𝑖 +
(2𝐶 + 𝐾)𝛼2𝑇̅

(𝐶𝐾 + 𝐾0(𝐶 + 𝐾))
)

2 
(115) 

Which is optimized for a resistance ratio; 

 𝑚 = 1 +
(𝐶 + 𝐾)𝐾0

(𝐶𝐾 + 𝐾0(𝐶 + 𝐾))
𝑧𝑇̅ (116) 

Yielding: 

 𝑃 =
𝑧𝛩2𝐶2𝐾2

4(𝐶 + 𝐾)2 (
𝐶𝐾

(𝐶 + 𝐾) + 𝐾0)

1

(
𝐶𝐾

(𝐶 + 𝐾)𝐾0
+ 1 + 𝑧𝑇̅)

 (117) 

If 𝐾 and 𝐶 are fixed by the application, optimal conductance ratio is: 

 𝑛𝑜𝑝𝑡 =
(𝐶 + 𝐾)

𝐶
 √1 + 𝑧𝑇̅ (118) 

Implying the optimal electric resistance ratio to be: 
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 𝑚𝑜𝑝𝑡 = √1 + 𝑧𝑇̅ (119) 

 

Figure 62: Normalized power iso-contour for a TE generator with fluid flow as heat reservoirs. 

𝐶 = 1, 𝑧𝑇̅ = 1 𝑎𝑛𝑑 𝑇̅ = 318𝐾. 

 

The effective thermoelectric conductance in presence of fluid flow can be expressed as: 

 𝐾𝑇𝐸 = 𝐾0

(

 
 
1 +

𝑧𝑇̅

2 +
(𝐶 + 𝐾)𝐾0

(𝐶𝐾 + 𝐾0(𝐶 + 𝐾))
𝑧𝑇̅

)

 
 

 (120) 

Under optimal ratios 𝑚𝑜𝑝𝑡 and 𝑛𝑜𝑝𝑡, this reduces once again to: 

 𝐾𝑇𝐸 = 𝐾0√1 + 𝑧𝑇̅ (121) 

And the maximum power becomes: 
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 𝑃𝑚𝑎𝑥 =
𝛩2

4𝑇̅

𝐶𝐾

(𝐶 + 𝐾)
 

𝑧𝑇̅ 

( √1 + 𝑧𝑇̅ + 1)
2 (122) 

As was the case for the presence of leaks, increasing 𝐾 will increase the generated power 

regardless of established criteria since these assume fixed 𝐾. From (118) and (120), an 

updated thermal impedance matching is found as: 

 𝐾𝑇𝐸 =
𝐶𝐾

𝐶 + 𝐾
 (123) 

Interestingly, by combining equations (114) and (123) the temperature difference under 

optimal conditions is found to be: 

 ∆𝑇 = (1 +
𝐶

𝐶 + 𝐾
)
𝛩

2
 (124) 

This indicates that for very good heat exchangers the optimal temperature difference would 

approach half the temperature difference of the inlets (∆𝑇 ≈
1

2
𝜃). This is in accordance 

with the conclusion of [158] which had demonstrated this through an experimental and 

numerical analysis. It implies that an ideal system would only transfer half of the total 

possible heat flux between the reservoirs. The maximum transferable amount of heat 

being 𝑄 = 𝐶𝛩. This is the same results as in the presence of heat losses. The updated 

impedance matching criterion implies that under optimal conditions half the heat goes 

through the TE module and half is lost. 

For very high flows and low conductance (𝐶 ≫ 𝐾), this is the equivalent scenario of 

constant ∆𝑇 (with ∆𝑇 = 𝜃) since any heat flux 𝑄 through the TE module is negligible in 

lieu of the heat contained in the reservoir. This results in negligible temperature variation. 
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4.1.6 Concise results and discussion 

Optimal results are summarized for all the studied conditions in the following tables. Table 

6 presents the optimal electric resistance ratio (𝑚𝑜𝑝𝑡) and the optimal thermal conductance 

ration (𝑛𝑜𝑝𝑡) for all studied thermal conditions. These optimal ratios lead to the maximum 

power presented in Table 7 for constant Figure-of-Merit and heat exchanger conductance. 

The effective thermoelectric conductance under optimal ratios is also found in Table 7. 

Furthermore, from the conductance ratio and effective conductance, updated thermal 

impedance matching criteria can be specified as in Table 8. 

 

Table 6: Optimal resistance and conductance ratios 

Boundary 

condition 

Resistance ratio Conductance ratio 

𝑚𝑜𝑝𝑡   (𝑚 =
𝑅𝐿

𝑅𝑖
) 𝑛𝑜𝑝𝑡   (𝑛 =

𝐾

𝐾0
) 

Constant ∆T √1 + 𝑧𝑇̅ √1 + 𝑧𝑇̅ 

Constant Q 1 + 𝑧𝑇̅ 𝐾0 → 0 

Constant Q – with 

losses 
√1 + 𝑧𝑇̅ 

(𝐾𝑆𝐻 + 𝐾)

𝐾𝑆𝐻
 √1 + 𝑧𝑇̅ 

Constant Θ  – fluid 

flow 
√1 + 𝑧𝑇̅ 

(𝐶 + 𝐾)

𝐶
 √1 + 𝑧𝑇̅ 
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Table 7: Maximum power and resulting effective thermoelectric conductance at 𝑚𝑜𝑝𝑡 and 𝑛𝑜𝑝𝑡  

with 𝛷 = 𝑧𝑇̅ ( √1 + 𝑧𝑇̅ + 1)
−2

 

Boundary 

condition 

Effective 

conductance (𝐊𝐓𝐄) 
Maximum power 

(𝐏𝐦𝐚𝐱) 

Constant ∆T 
𝐾0√1 + 𝑧𝑇̅ 

∆𝑇2

4𝑇̅
  𝛷 

Constant Q 𝐾0 (1 +
𝑧𝑇̅

2 + 𝑧𝑇̅
) 

𝑄2

4𝑇̅

1

𝐾0
 

𝑧𝑇̅

(1 + 𝑧𝑇̅)
 

Constant Q – with 

losses 𝐾0√1 + 𝑧𝑇̅ 
𝑄2

4𝑇̅

𝐾

𝐾𝑆𝐻(𝐾𝑆𝐻 + 𝐾)
𝛷 

Constant Θ  – 

fluid flow 𝐾0√1 + 𝑧𝑇̅ 
𝛩2

4𝑇̅

𝐶𝐾

(𝐶 + 𝐾)
 𝛷 

Values of 𝛷 and other recurring coefficients of the Figure-of-Merit can be found in annex. 

Notice that the constant heat flux scenario is different from all others. This is explained by 

the lack of bounds on 𝑑𝑇. In this scenario, since Q is fixed, 𝑑𝑇 will always raise with 

further decrease of 𝐾0. Thus, no balance needs to be struck between heat flux and 

temperature difference, one must simply reduce 𝐾0. Since constant Figure-of-Merit is 

assumed, internal resistance and thermal conductance are linked, and the optimization 

presented considers the balance heat flux and temperature difference as well as the 

increasing Joule heating as 𝐾0 is decreased. This increasing Joule heating is the limiting 

factor in optimizing the constant ∆𝑇 scenario as no balance is needed between heat flux 

and temperature difference. 
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Table 8: Updated thermal impedance matching criteria 

Boundary condition Thermal impedance matching 

Constant ∆T 𝐾𝑇𝐸 = 𝐾 

Constant Q 𝑛𝑖𝑙 (𝐾𝑇𝐸  & 𝐾0 → 0) 

Constant Q – with 

losses 
𝐾𝑇𝐸 =

𝐾𝑆𝐻𝐾

𝐾𝑆𝐻 + 𝐾
 

Constant Θ – fluid 

flow 
𝐾𝑇𝐸 =

𝐶𝐾

𝐶 + 𝐾
 

 

Thermal impedance matching is an optimal condition only for constant K applications. 

Minimizing 𝐾 will always increase power as this approaches the ideal case where TE 

module and reservoir temperatures are the same. Impedance matching is the result of a one 

variable optimization of a multi-variable problem and represents neither a global nor a local 

maximum as ∂P/ ∂K0 = 0 but ∂P/ ∂K ≠ 0.  

Throughout this study, consistent with similar literature, the Figure-of-Merit is considered 

constant. This is a good basis if, as in [149], changes of thermal conductance are considered 

as a result of change in thermoelectric leg length (pellet height). Indeed, since pellet height 

affects internal electrical resistance and thermal conductance inversely, the Figure-of-Merit 

remains constant for varying pellet height. 

However, the goal of advanced thermoelectric material research is to lower 𝐾0 while 

minimally affecting the electric properties, thus raising the Figure-of-Merit (zT̅) [159-161]. 

If 𝑧𝑇̅ is not considered constant i.e. if 𝐾0 and 𝑅𝑖 are considered independent, optimization 
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of power equations (80), (92), (100) and (115) results in very different optimal conditions. 

For independent properties, all scenarios are optimized for minimization of 𝐾0. 

Furthermore, for all thermal boundary conditions, maximum power is strictly increasing as 

a function of the Figure-of-Merit. This further justifies research surrounding high Figure-

of-Merit material by lowering the thermal conductivity. 

Enhanced Figure-of-Merits by reducing the thermal conductivity permits higher power as 

well as higher power density since smaller design would allow for the same conductance. 

This could greatly affect cost-performance optimizations such as [162, 163] as this would 

affect the heat exchanger’s and the thermoelectric module’s relative costs. 

4.1.7 Thermal impedance optimization conclusion 

Using a consistent approach with literature, optimization of power was accomplished 

considering heat losses and fluid flows. Under constant heat flux, it is demonstrated that 

considering heat losses change the optimal conductance to a specific value such that 𝐾𝑇𝐸 =

𝐾𝑆𝐻𝐾

𝐾𝑆𝐻+𝐾
 whereas in absence of heat loss one must minimize 𝐾0 (thus minimising 𝐾𝑇𝐸). 

Through this updated thermal impedance matching criterion, 𝐾𝑇𝐸 provides an optimal 

compromise between increasing the temperature difference and increasing the heat losses 

as the conductance is reduced. A similar criterion is developed considering fluid flows as 

heat source and sink such that 𝐾𝑇𝐸 =
𝐶𝐾

𝐶+𝐾
. As is the case for heat losses, lower conductance 

means higher ∆𝑇 but less heat flux through the TE module and the updated criterion 

provides the optimal balance for maximum power. Despite being very similar criteria, 𝐾𝑆𝐻 
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is to be minimized and 𝐶 to be maximized, resulting in very different values of KTE 

depending on the application. In both cases, maximum power is achieved for only half of 

the available heat flux entering the TE module. In all cases, the heat exchanger conductance 

must be minimized before applying the correct impedance matching criterion to TE module 

selection or design.  

  Optimization of a liquid-to-liquid thermoelectric 

generator 

Thermoelectric modules embedded in heat exchangers provide a means of converting 

industrial waste-heat to electrical power for local electrical energy needs. Due to the nature 

of the thermoelectric effect, a generator’s efficiency is dictated by a balance in its ability 

to act as a heat exchanger and its ability to maintain a high temperature difference. The 

present system level study investigates the thermal conditions required for optimal power 

generation when using thermoelectric module embedded heat exchangers. From the 

analytical results, optimal thermal operating conditions are scrutinized, and a model is 

developed providing insight into the balance between heat transfer and temperature 

differential for optimal thermoelectric generator design. It is demonstrated that, under 

constant temperature difference, a heat exchanger effectiveness of 0.5 is an optimal 

compromise between heat flux and temperature difference for thermoelectric power 

generation. This criterion is universally applicable for thermoelectric generators as it relies 

solely upon basic heat transfer and thermoelectric equations. Numerical simulations 
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confirm constant temperature difference along the length of the generator is achievable 

using tabulated inserts. A generator’s efficiency and power output are analytically solved 

and compared with experimental results. 

System level studies such as [94-96] are performed with the aim to best use the available 

heat source and heat sink responsible for generating a temperature difference across a 

generator's embedded thermoelectric modules. For example, [98] investigated optimal 

design for applying thermoelectric power generation to vehicle exhaust waste-heat. The 

thermoelectric effect is the result of a thermal potential which mobilizes charge carriers in 

the direction of the heat flow thereby producing an electromotive force. For this reason, 

thermal fluid system management is critical to the operating efficiency of thermoelectric 

devices. Indeed, Yazawa & Shakouri [148] illustrated the potential thermoelectric power 

gains through system level management of an asymmetric thermal field. In their study, they 

demonstrated the need to include the heat source and the heat sink as integral components 

of a thermoelectric packaging design.  

Other system level studies aim to improve heat transfer through flow manipulation. For 

example, Amaral et al. [97] showed that flow impeding geometries improve the 

thermoelectric power output of a generator up to a threshold flow rate. More specifically, 

the heat transfer from the fluid to the wall is enhanced by raising the local convective heat 

transfer coefficient near the wall using inserts.  

The common thread in such studies is the focus on optimizing heat transfer or temperature 

difference across the thermoelectric (TE) modules in order to generate maximum power. 

The present study focuses on the optimal compromise between heat flux and temperature 
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difference as they are linked and strongly affect the generated power. This study is based 

on a TE generator composed of TE modules embedded in the fluid separating wall of a 

liquid-to-liquid heat exchanger. Such a generator, as in [97, 164] will be referred to in this 

study as a thermoelectric liquid-to-liquid generator (TELLG). 

Since the modules are an array of thermoelectric couples connected in series and since it is 

a surface heat flux which mobilizes the charge carriers, a TELLG is sensitive to the 

homogeneity of the temperature difference produced by the flows in the heat exchangers. 

This is well illustrated and discussed in Min and Rowe [99] who used a system level 

approach to model a thermoelectric combustion process with heat recirculation. In their 

study, they noted the temperature difference between the high temperature flow channel 

and the low temperature flow channel as a function of the longitudinal position (denoted 

by x) as illustrated schematically in Figure 1. 

 

Figure 63: Schematic of temperature distribution in the flow channels of a TELLG. The TE 

modules are depicted as a series of heat engines (circled M). 
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A generic TELLG and its temperature profile are depicted in Figure 1. Embedded 

thermoelectric modules are considered as heat engines operating at varying regimes the 

length of the flow channels. It shows a drop in temperature from high temperature inlet 

(𝑇𝐻1) to high temperature outlet (𝑇𝐻2) and a rise in temperature from low temperature inlet 

(𝑇𝐶1) to low temperature outlet (𝑇𝐶2). The TELLG is considered here as a 2-dimensional 

system and focus is on the distribution of the temperature difference with respect to the 

longitudinal position (in a 3-dimensional system analysis, it would be important to 

investigate the temperature difference along the transversal direction). As illustrated in 

Figure 1, a portion of heat at a given longitudinal position is transferred from the high 

temperature channel to the thermoelectric materials to the low temperature channel. Each 

portion of heat flux is quantified as: 

 𝛿𝑄𝐻 = −𝑚̇𝑐𝑝𝛿𝑇𝐻   (125) 

in which ṁ is the rate of mass transfer, 𝑐𝑝 is the fluid’s specific heat and 𝛿𝑇𝐻 is temperature 

variation in the fluid. 

By considering the conversion efficiency 𝜂̃(𝑥) as the ratio of electrical power output to 

heat absorbed on the high temperature side of the thermoelectric modules at longitudinal 

position x, the portion of the output power at position x is 𝛿𝑃 = 𝜂̃𝛿𝑄𝐻  making the total 

power output of the TELLG (e.g., [99]): 

 𝑃 = −𝑚̇𝑐𝑝 ∫ 𝜂̃
𝑇𝐻2

𝑇𝐻1

𝛿𝑇𝐻  . (126) 

In practice, the input flow temperature conditions are fixed parameters relating to the 

available heat source and heat sink while the output flow temperatures are measurable 



128 

 

parameters dictated by TELLG channel geometry (such as the length of the channels) and 

by inner flow manipulation. The goal is to develop a system level model which can be used 

to identify optimal thermal operating conditions of a TELLG. 

This work is presented in the following way:  

1.An experimental apparatus is commissioned to measure generated power of a 

TELLG under various temperature differences. 

2. Numerical simulations are performed to show that a constant temperature 

difference with respect to the longitudinal position is achievable 

3. The conversion efficiency of a TELLG is solved analytically for constant 

temperature differences and optimal thermal conditions for maximum power 

generation.  

4.2.1 Experimental Results 

The goal of the experimental apparatus is to measure the generated thermoelectric power 

for various temperature differences under the same input conditions. In order to alter the 

temperature difference (∆𝑇) of the investigated TELLG, tabulated inserts of various linear 

panel density are used, and thermal output conditions are measured.  

Before going further into the experimental set-up, the importance and impact of 

maintaining a constant ∆𝑇  should be discussed as it is a recurring parameter of this study. 

In an electric circuit composed of DC sources in series, the electrical current is dictated by 
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each components of the circuit. Indeed, the weakest electrical current elements limit the 

current of the string for all other elements. Furthermore, the surplus of current generated 

in the other elements is dissipated through the lower current elements that are now acting 

as sinks, draining power and generating heat. This is analogous to the shading effect of a 

photovoltaic module. 

Considering the thermoelectric elements are connected in series throughout the generator 

it is necessary to ensure the elements generate similar currents, the ensuing condition is 

that they operate under similar thermal conditions. In order to maximize the thermoelectric 

power generated, it is then necessary to maintain a constant temperature difference across 

the heat exchanger in which the thermoelectric modules are embedded. This demonstrates 

the need for counter flow heat exchangers as parallel flow heat exchangers do not permit 

constant temperature differences unless no heat is transferred. 

The physical importance of a constant local temperature difference ΔT in the workings of 

a TELLG is that a decrease in the hot side temperature must provide the same increase in 

the cold side. Thus: 

 𝛿𝑇𝐻 = 𝛿𝑇𝐶  (127) 

in which δT  is the variation of temperature inside the hot (H) and cold (C) channels along 

the heat exchanger length. Considering the absence of heat loss to the environment, the 

energy balance of a heat exchanger is simply: 

 𝑄𝐻 = 𝑄𝐶 (128) 
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in which 𝑄 is the heat flux transferred. For a generic counter flow heat exchanger that 

respects the constant 𝛥𝑇 condition, this implies that: 

 𝑚̇𝑐𝑝|𝐶 = 𝑚̇𝑐𝑝|𝐻 (129) 

 In heat exchanger analysis, these two terms are often grouped as the heat capacity rate 𝐶, 

such that 𝐶 = 𝑚̇𝑐𝑝 and the constant temperature criterion becomes simply: 

 𝐶𝐶 = 𝐶𝐻  (130) 

As determined by classic analysis of heat exchangers, a constant temperature difference 

across a counter flow heat exchanger is achieved by having equivalent heat capacities for 

both working fluids.  In the case of a heat exchanger containing thermoelectric modules, a 

portion of the heat transferred from the hot side is converted to electricity as determined 

by the module’s efficiency (𝜂) and the rest is transferred to the cold side. Therefore, heat 

exchanger analysis modified by the presence of TE modules predicts constant temperature 

difference for the criterion: 

 𝐶𝐶 = (1 − 𝜂)𝐶𝐻  (131) 

Experimental Set-up 

Experiments are conducted using the experimental test-stand fully described in [97, 164] 

for 1.0, 2.4, and 4.0 L/min flow rates of liquid water in each channel. In order to change 

the temperature outputs, thus the temperature difference across the TELLG, different 

inserts are tested. For each inserts, inlet and outlet temperatures as well as volumetric flow, 



131 

 

pressure drop and generated electric power are measured. Flow measurements are done for 

both hot and cold side. 

The tested TELLG features two sets of 20 ceramic coated thermoelectric modules TEG-

07025HT-SS. Each module contains 140 n-type and p-type Bi2Te3 semiconductor 

elements arranged in an alternating array. The thermoelectric modules are connected 

electrically in series and thermally in parallel. They are embedded in the TELLG's 

aluminum encasing which also contains two (2) pairs of cold fluid channels and one (1) 

pair of hot fluid channels. Having two layers of TE modules and two cold sides greatly 

reduces heat losses to the environment since both main surfaces of the hot aluminum plate 

are covered by TE modules and not exposed. This also reduces by half the length required 

for an equivalent one-layer TELLG. Constant ΔT profiles are still achievable using the 

criterion of equivalent heat capacity rates, where the heat capacities of the cold sides are 

equal, and their sum is equal to the hot side such that: 

 𝐶𝐻 = 𝐶𝐶1
+ 𝐶𝐶2

= 2𝐶𝐶 
 (132) 

The cold fluid channels are positioned in the upper and lower sections of the TELLG 

whereas the hot fluid channels are in a central position as illustrated in Figure 64. The hot 

and cold pipes operate in a counter-flow setup and the TELLG's electrical system features 

a variable electrical load for maximum power point tracking purposes. The temperature 

difference between the hot channel inlet (TH1) and the cold channel inlet (TC1) is maintained 

at TH1 − TC1 = 70.6 ± 1.0 °C. 
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Figure 64: Thermoelectric Liquid-to-Liquid Generator flow channel network. 

 

Tabulated inserts are used to generate secondary flows within the fluid pipes thereby 

changing the thermal profile of the flow channels and the local convective heat transfer 

coefficient. The inserts are made of galvanized steel strips which run the length of the 

TELLG's flow channels. They are 8.66 mm wide and 0.50 mm thick. As illustrated in 

Figure 65, 4.0 × 6.0 mm tabulations are punched into the strips with an attack angle of 

approximately 130 ° relative to the fluid flow direction. This configuration was chosen in 

order to reduce the thermal boundary layer within the pipe flow by directing the flow 

towards the pipe walls. This effectively reduces both the viscous boundary layer and the 

thermal boundary layer, enhancing the wall heat flux. The effect of the panels being local, 

different panel densities results in different heat fluxes. The inserts are identified by their 

tabulation density in panels per meter. The tested linear panel densities are: 0, 7.8, 15.6, 

31.2, 62.5, and 125 panels/m. It is important to note that 0 panels/m implies flat inserts 

without any tabulations. 

Inserts were particularly useful in the present study in order to readily modify the overall 

heat flux and effectiveness of the heat exchanger with little manipulations and work having 

to be done on the heat exchanger between tests.  
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Figure 65: Tabulated insert with a panel density of 62.5 panels/m.  

 

Thermoelectric power enhancement 

The results of Amaral et al. [97, 164], using the above described experimental set-up, 

showed that the power output increases with increasing panel density. They attributed this 

to an increase in the local radial velocity term brought upon by the obstruction of the flow. 

This entails that the local velocity profile better disrupts the thermal boundary layer at the 

inner periphery of the pipe when using inserts of greater panel density. This phenomenon 

(in which tabulated inserts generate secondary flows) increases the radial temperature 

gradient term [90, 97]. The alignment of the velocity and thermal gradient vectors 

enhancing wall thermal transport is referred to as the field synergy principal and is fully 

described in [165-168]. The result is, for steady state flow, greater heat transfer to and from 

the embedded thermoelectric modules. This favors thermoelectric power generation since 

the individual modules act as heat engines. However, the thermal differential also dictates 

thermoelectric power generation since, for a given heat flux at an impedance matching 

electrical load, the peak power is proportional to the square of the temperature difference 
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between the hot and cold junctions of the embedded thermoelectric modules – as detailed 

in [43]. 

In practice, the thermoelectric power enhancement [43] brought upon by the presence of 

tabulated inserts can be measured by the normalized power : 

 𝑃∗ =
𝑃𝑖

𝑃𝑜
 (133) 

in which 𝑃𝑖 is the electrical power output with inserts and 𝑃𝑜 is the power output without 

inserts. To illustrate the thermoelectric power enhancement brought upon by the flow 

impeding inserts, Figure 66 shows that power enhancement increases with increasing panel 

density. The results also show that the power enhancement increases sharply in the lower 

panel density range while tending to an upper threshold for increasing panel densities. In 

absence of inserts, flow regimes for 2.4 and 4 liters per minute are transitional while 1 liter 

per minute is laminar. As the inserts generate local turbulence, they will have more effects 

in initially laminar flows rather than in already turbulent or transitional flows. 

For the present study, interest is placed upon the power generated with respect to the 

temperature difference (∆𝑇). The inserts effectively enhance the heat flux through the 

TELLG resulting simultaneously in lower ∆𝑇 and higher electric power as shown in Figure 

67. 
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Figure 66: Experimental results of TELLG thermoelectric power enhancement with 𝑇𝐶1 = 15°𝐶 

and 𝑇𝐻1 = 85°𝐶 for 1, 2.4 and 4 l/min flow. 

 

Figure 67: Experimental results of TELLG electrical power with respect to the temperature 

difference. 𝑇𝐶1 = 15°𝐶 and 𝑇𝐻1 = 85°𝐶  

 

Considering that generated electric power depends strongly on both temperature difference 

and heat flux, raising the heat flux at the cost of lower ∆T will naturally lead to a loss of 

power once the heat flux gain may no longer compensate for loss of ∆T. A mathematical 
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model is developed in part C in order to determine the ideal compromise and resulting 

thermal conditions. 

As previously stated, a constant temperature difference ∆T is important for maximum 

power generation yet is not demonstrated by the experimental set-up alone. In order to 

determine ∆T distribution along the length of the thermoelectric modules, coupled 

numerical simulations of flow and heat transfer are performed in the following Part B.  

4.2.2 Numerical simulations 

In order to confirm that the use of inserts creating local turbulence permits constant 

temperature difference, the present work simulates the fluid flow and heat transfer of the 

tested TELLG. A set of computational fluid dynamics simulations is performed predicting 

the temperature distribution along the surfaces of the thermoelectric modules. 

The insert geometries simulated are the tabulated inserts described in the experimental test 

stand with alternating panels of varying panel densities. The simulations are performed 

using COMSOL Multiphysics for coupled fluid flow and heat transfer on a 2D model of 

the tested thermoelectric generator. Properties of water are considered temperature 

dependent and solved from COMSOL’s material library. The aluminum (6061-T6) thermal 

conductivity is considered constant at a standard value of 167 𝑊/𝑚𝐾. The thermoelectric 

modules are considered as a uniform layer of lumped thermal conductivity including the 

thermoelectric couples, the interconnecting material and the ceramic substrate. Boundary 

conditions at the inlets are the temperature and average velocities. The pressure reference 
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was set to zero at the outlets. All inner walls feature no slip conditions and all outer walls 

are considered adiabatic. 

Meshing is done using triangular elements refined near fluid/solid interfaces and denser 

within the fluid. Interpolation is done using P2-P1 elements for fluid flow (quadratic 

velocity and linear pressure) and linear elements for temperature. To ensure mesh size 

independency, successive refinement of the mesh is performed until no significant 

variations of temperature and computed heat flux along the fluid-solid interface occurs. In 

order to achieve convergence of the solution, a parametric sweep of the dynamic viscosity 

is performed. The data exported from the simulation are the temperature profiles along both 

surfaces of the thermoelectric modules. 

 

Figure 68: Portion of the simulated model and the associated meshing. Denser meshing is used in 

the fluid and along interfaces. 
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Thermal profile without inserts 

A simulation is performed corresponding to the TELLG without inserts operating at 1 L/m, 

with a cold inlet at 15°C and a hot inlet of 85°C with respect to the test case. The 

temperature profile along the thermoelectric module surfaces is illustrated in Figure 69 

from hot flow inlet (0 m) to hot flow outlet (0.42 m, normalised to 1) and from cold flow 

inlet (0.42 m, normalised to 1) to cold flow outlet (0 m).  

The results show that the temperature difference is relatively constant along the length of 

the generator with exception to an edge effect in which a variation occurs near the 

extremities. The variations near the ends are caused by the 2D heat flow. Indeed, classic 

heat exchanger analysis predicting linear temperature profiles are developed under the 

assumption of 1D heat flow across the solid interface.  

The studied TELLG having thick heat exchanger walls and the modules having a high 

thermal resistance, the longitudinal heat flux is not negligible and the overall heat fluxes 

effectively follow a diagonal within the solid walls. The outer walls being adiabatic, the 

heat flux direction is affected in these zones, causing an edge effect of local higher 

temperature difference.  
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Figure 69: Temperature profile of the TE module’s surfaces without inserts at 1 l/min, 𝑇𝐶1 =
15°𝐶 and 𝑇𝐻1 = 85°𝐶   

 

Thermal profile with inserts 

The flow through the hot channel and the cold channel at 1 L/m in the presence of tabulated 

inserts of panel density 0, 62.5 and 125 panels/m are numerically simulated. The results 

produce more linear temperature profiles the length of the flow channels. There are 

however local peaks corresponding to the location of the tabulations of the inserts. 

Furthermore, the edge effects are still present but greatly decreased as the panel density 

increases. As an example, Figure 70 presents the numerical simulations for the test case 

composed of the 125 panels/meter inserts. In order to clearly demonstrate the effect of the 

inserts on the uniformity of the temperature difference, ∆T is normalized in Figure 71.  
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Figure 70: Temperature profile of the TE module’s surfaces with 125 panels/m inserts at 1 l/min, 

𝑇𝐶1 = 15°𝐶  and 𝑇𝐻1 = 85°𝐶 

 

 

Figure 71: Distribution of the normalized temperature difference with and without inserts at 1 

l/min, 𝑇𝐶1 = 15°𝐶 and 𝑇𝐻1 = 85°𝐶  
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For each case, the temperature profiles are shown to generate a relatively constant Δ T with 

respect to longitudinal position. Despite the local fluctuations caused by the inserts, the 

edge effects are greatly reduced which results in an overall more constant ∆T. The 

simulations have shown that a constant ∆T parameter is attainable by inner channel flow 

manipulation. In what follows, a TELLG system analysis is conducted operating under a 

constant ∆T. 

4.2.3 Mathematical Model 

Conversion efficiency and electrical power 

The investigated TELLG is a heat engine in which steady state flow transfers heat from 

aluminum encased flow channels to and from embedded thermoelectric modules as 

illustrated in Figure 63. Having established that TELLG operation is maximized for a 

constant temperature difference and having confirm it is achievable, it is now possible to 

calculate the theoretical conversion efficiency of a TELLG with respect to the Figure-of-

merit 𝑧. To this end, the conversion efficiency of a thermoelectric module for a uniform 

temperature distribution is considered to be [150]: 

 𝜂̃ =
𝑇𝐻 − 𝑇𝐶

𝑇𝐻

√1 + 𝑧𝑇̅ − 1

√1 + 𝑧𝑇̅ +
𝑇𝐶

𝑇𝐻

. (134) 

in which TH and TC represent the hot surface and cold surface temperatures respectively, 

𝑇̅ = 1

2
(𝑇𝐻 + 𝑇𝐶) is the mean temperature and z is the Figure-of-Merit. The Figure-of-Merit 
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is defined as the ratio of the electrical power factor to the thermal conductivity of the 

semiconductor material such that: 

 𝑧 =
𝛼2𝜎

𝑘
 (135) 

in which α is the seebeck coefficient, σ is the electrical conductivity and k is the thermal 

conductivity. In order to apply equation (134) to a TELLG with hot and cold temperatures 

which varies with respect to longitudinal position x, the total TELLG efficiency is 

evaluated from equation (124) such that:  

 𝜂 =
𝑃

𝑄𝐻
=

1

𝑇𝐻2 − 𝑇𝐻1
∫ 𝜂̃𝑑𝑇𝐻

𝑇𝐻2

𝑇𝐻1

. (136) 

in which QH = −ṁcp(TH2 − TH1) is the total heat transfer to the thermoelectric modules. 

By combining equation (134) with equation (136) and by considering that at position x: 

 𝑇̅(𝑥) = 𝑇𝐻(𝑥) −
1

2
𝛥𝑇 = 𝑇𝐶(𝑥) +

1

2
𝛥𝑇 (137) 

for thermal profiles yielding a constant ΔT with respect to x, the efficiency term of equation 

(136) reduces to: 

 𝜂 =
2𝑧𝛥𝑇

𝑇𝐻2 − 𝑇𝐻1
∫

1

2(√1 + 𝑧𝑇̅ + 1)
2

+ 𝑧𝛥𝑇
𝑑𝑇̅

𝑇𝐻2−
1
2
𝛥𝑇

𝑇𝐻1−
1
2
𝛥𝑇

 (138) 

Integrating and expressing the result in terms of the input temperatures (TH1 and TC1) and 

the target temperature difference (ΔT) yields: 
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𝜂(𝑧, 𝑇𝐻1, 𝑇𝐶1, 𝛥𝑇)

=
𝛥𝑇 𝑙𝑛 (

𝑓(𝑇𝐶1 + 𝛥𝑇)
𝑓(𝑇𝐻1)

) − 2√2𝛥𝑇
𝑧

(𝑔(𝑇𝐶1 + 𝛥𝑇) − 𝑔(𝑇𝐻1))

𝛥𝑇 + 𝑇𝐶1 − 𝑇𝐻1
 

(139) 

for which 

 𝑓(𝜏) = 2 + 𝑧𝜏 + √4 + 4𝑧𝜏 − 2𝑧𝛥𝑇 (140) 

 𝑔(𝜏) = 𝑎𝑟𝑐𝑡𝑎𝑛 (
√2 + √2 + 2𝑧𝜏 − 𝑧𝛥𝑇

√𝑧𝛥𝑇
). (141) 

The total electrical power in terms of the input temperatures and the target temperature 

difference is therefore: 

 

𝑃 = −𝑚̇𝑐𝑝 (𝛥𝑇 𝑙𝑛 (
𝑓(𝑇𝐶1 + 𝛥𝑇)

𝑓(𝑇𝐻1)
)

− 2√
2𝛥𝑇

𝑍
(𝑔(𝑇𝐶1 + 𝛥𝑇) − 𝑔(𝑇𝐻1))) 

(142) 

Equations (139) and (142) are the total conversion efficiency and the total electrical power 

output respectively of a TELLG when operating under constant temperature difference. It 

is important to note that equations (139) and (142) hold for any TELLG temperature 

profiles yielding a constant ΔT with respect to longitudinal position, regardless of methods 

used to render ΔT constant. In this study it is accomplished by manipulating the internal 

pipe flow with flow impeding tabulated inserts. Equations (139) and (142) can therefore 

predict the conversion efficiency and electrical power respectively of a TELLG from the 

inlet temperatures, the target temperature difference and the material’s Figure-of-Merit. 

However, the conventional definition of the Figure-of-Merit is defined for the packaged 

semiconductor materials in open circuit operation. The following section considers an 
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Effective Figure-of-Merit which embodies the interconnecting materials and the power 

generation mode of TELLG operation.  

Effective Figure-of-Merit 

In order to implement the result of equations (139) and (142) in TELLG design, the 

Effective Figure-of-Merit, denoted 𝑧𝑓, is measured by equating the ratio of electrical power 

output to heat absorbed from the hot channel with the efficiency term defined in equation 

(139). That is to say, the 𝑧𝑓 is found by solving for 𝑧𝑓 from the following equality: 

 
𝑃

𝑄𝐻
= 𝜂(𝑧𝑓 , 𝑇𝐻1 , 𝑇𝐶1, 𝛥𝑇). (143) 

By solving equation (143) for zf the resultant Effective Figure-of-Merit embodies the 

interconnecting materials and the alterations in the thermal and electrical conductivity that 

occur from the flow of an electrical current [114]. In order to render the parameter 

dimensionless, the Effective Figure-of-Merit is evaluated as 𝑧𝑓𝑇̅ for which: 

 𝑇̅ =
1

2
(𝑇𝐻1 + 𝑇𝐶1) (144) 

is the mean temperature of the TELLG measured as the average of the inlet temperatures. 

This is analogous to the conventional definition when considering the TELLG as a single 

heat engine with hot and cold junctions TH1 and TC1. 

Figure 72 shows the TELLG’S efficiency evolution with respect to 𝑧𝑇̅. The measured 

TELLG efficiency for using 31.2 panels/m tabulated inserts is used to identify the 
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TELLG’s dimensionless effective Figure-of-Merit of 1.06 for the given operating 

conditions.  The TELLG acts as a thermoelectric device since its Effective Dimensionless 

Figure-of-Merit is greater than the threshold 0.5 value for thermoelectric materials [58]. 

 

Figure 72: Efficiency (𝜂) of TELLG with respect to 𝑧𝑇̅ compared with the measured TELLG 

efficiency. 

 

Thermoelectric Power Output 

Having established the 𝑧𝑓 of the tested TELLG, it is now possible to solve equation (142) 

for different temperature input conditions with respect to ΔT. For example, considering a 

low temperature input fixed at 20 °C, Figure 73 shows the thermoelectric power output 

curves generated by equation (142) for high temperature inlet values ranging from 45 −

100 °C. A notable feature is that each power output curve attains a local maximum. This 

implies that for each high temperature input condition, there exists a ΔT that maximizes 
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the power output. The relationship between the high temperature inlet value (TH1) and ΔT 

for these local extrema are shown to be linear in the inset of Figure 73. 

 

Figure 73: Thermoelectric power output with respect to high temperature inlet (𝑇𝐻1) and flow 

channel temperature difference (𝛥𝑇) for the 𝑇𝐶1 = 20°𝐶 test case. Inset: Linear relation between 

𝑇𝐻1 and 𝛥𝑇 for the local extrema of the power output curves.  

 

The above analysis is repeated for low temperature input values ranging from 10 − 30°C. 

Figure 74 illustrates that the linear (TC1) relationship between TH1 and ΔT for the maximum 

of the power output curves is: 

 𝑇𝐻1 = 𝑇𝐶1 + 2𝛥𝑇. (145) 
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Figure 74: Linear relation between 𝑇𝐻1 and 𝛥𝑇 for the local extrema of the power output curves 

over a range of low temperature input values. 

 

Since 𝛥𝑇 = 𝑇𝐻2 − 𝑇𝐶1 = 𝑇𝐻1 − 𝑇𝐶2, equation (145) implies that optimal conditions for a 

TELLG can be determined by the output channel temperatures. More specifically, channel 

geometry and flow manipulation that yield output temperatures that equate with the mean 

of the inlet temperatures: 

 𝑇𝐻2 = 𝑇𝐶2 = 𝑇̅ =
𝑇𝐻1 + 𝑇𝐶1

2
 (146) 

maximize the power output of a TELLG. This simple criterion can be restated from a heat 

exchanger analysis perspective as an effectiveness of 50%. Where the effectiveness is 

defined as the heat transferred divided by the maximum possible heat transfer: 

 𝜀 =
𝑞

𝑞𝑚𝑎𝑥
=

𝐶𝐻(𝑇𝐻1 − 𝑇𝐻2)

𝐶𝑚𝑖𝑛(𝑇𝐻1 − 𝑇𝐶1)
 (147) 
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Heat capacity rates (C) being approximately equal to maintain a constant temperature 

difference, substituting equation (146) in the effectiveness equation (147) yields: 

 𝜀 ≅  0.5 (148) 

It is worth noting that the criterion for maximum power output of equation (146) was also 

deduced in the same manner when inputting the thermal operating conditions of the other 

experimental test cases. Furthermore, it is easily shown that the rate of change of equation 

(142) with respect to ΔT tends to zero when applying the optimal thermal criterion 

described in equation (146). This implies that a local power extremum exists for this 

condition. It is a local maximum as illustrated in Figure 73. 

This result can be described as the TELLG’s best compromise between its efficiency and 

the heat flux to the embedded modules. Indeed, the power output of a thermoelectric 

module depends both on the temperature differential and the heat flux through it. To 

illustrate this Figure 75 represents schematically three pivotal heat transfer scenarios. In 

Scenario A, the TELLG acts as a perfect thermal insulator (ε = 0) maintaining ΔT as the 

difference of the inlet temperatures the length of the flow channels. The efficiency of the 

module is maximized but the heat flux through the modules is reduced to zero as the 

temperatures remain unchanged, thus implying no thermoelectric power. In Scenario B, 

Equation (146) is satisfied (ε = 0.5) identifying the balance between the heat flux and the 

temperature difference required for maximum TELLG thermoelectric power output. In 

Scenario C, the TELLG acts as a perfect heat exchanger in which 100% of the entering 

heat flux is transferred to the cold side (ε = 1). This scenario yields no temperature 
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difference (ΔT = 0) across the modules reducing to zero the efficiency and electrical power 

output.  

 

Figure 75: Schematic representation of three heat exchange scenarios: Scenario A. Zero Heat 

transfer yielding no electrical power; Scenario B. Maximum TELLG power output identified by 

the high temperature outlet equaling the mean of the inlet temperatures; Scenario C. The TELLG 

acts as a perfect heat exchanger resulting in zero temperature difference across the modules. 

 

Comparing this result with the experimentally measured values, Figure 76 illustrates the 

model’s heat flux, power output and TELLG efficiency for the 1 L/min thermal operating 

conditions of the experimental results detailed in Part A of this study. The results show that 

the experimentally measured power output aligns with the power output curve of equation 

(142). Furthermore, the results illustrate that the heat transfer to the packaged modules was 

not enough for peak electrical power. Indeed, for all test cases, 𝑇𝐻2 > 𝑇̅ implying that the 

test cases all fall within Scenarios A and B of Figure 75. A greater heat transfer is therefore 

required to attain the optimal thermal condition 𝑇𝐻2 = 𝑇̅ (equation (146)) which 

corresponds to peak power.  
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Figure 76: Analytical solution for heat flux, electric power and TELLG efficiency compared with 

experimentally measured results at 1 l/min, 𝑇𝐶1 = 15°𝐶  and 𝑇𝐻1 = 85°𝐶 

 

The use of inserts permitted a gain of up to 2.6 in generated power for the 1 l/min test case. 

This gain is shown to be rather insignificant in light of the maximum power achievable as 

demonstrated in the power plot of Figure 76. Indeed, inserts raised the power from 9.5 W 

to 25.1 W, while the maximum is determined to be 47 W (at 1.9% of efficiency). Figure 

77 shows an enlarged region of the power plot compared to experimental data for the 1 and 

2.4 l/min test cases. 
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Figure 77: Analytical solution for electric power compared with measured results for various 

inserts at 1 and 2.4 l/min. 𝑇𝐶1 = 15°𝐶 and 𝑇𝐻1 = 85°𝐶 . 

 

Lower panel densities result in a less constant temperature difference across the TELLG, 

such as demonstrated in the simulations, which explains the lower than predicted output 

power for inserts with few panels and without inserts. Temperature difference 

measurements are the main source of uncertainty at ±0.7°C, power uncertainty being at 

±0.5%. Furthermore, the analysis does not include factors such as heat loss to the 

environment.  

Thermal resistance network 

Various methods can be used to achieve the optimal thermal conditions identified by the 

optimal thermal condition of equation (146) through thermal design of a TELLG. To 
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illustrate this, the overall heat transfer coefficient of the TELLG as a heat exchange is 

considered in Figure 78 in which the TELLG is expressed as a series of thermal resistances. 

 

Figure 78: TELLG representation as a series of thermal resistances 

 

The heat flux can be expressed as a function of the thermal resistance such that: 

 𝑄 =
1

𝑅
(𝑇𝐻 − 𝑇𝐶)  (149) 

In equation (149), Q is the heat flux and R is the thermal resistance. These resistances can 

be grouped into three Categories reflecting the heat transfer mechanism. The 1st category 

embodies the thermal resistances in both the hot and the cold pipes (R1 & R7) and are each 

expressed as: 

 𝑅𝑐𝑜𝑛𝑣𝑒𝑐𝑡𝑖𝑜𝑛 =
1

ℎ𝐴
  (150) 

In equation (150), h is the local convective heat transfer coefficient influenced by fluid and 

flow properties and A is the total contact area between the fluid and the solid. The 
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convective resistance can be modified by geometry during the design process or readily 

modified using turbulence initiating inserts as is the case in the present study.  

The 2nd category of thermal resistances dictates the thermal conductivity properties of the 

heat exchanger walls (R2 & R6) and the thermoelectric module itself (R4). Each of these 

thermal resistances can be expressed as: 

 𝑅𝑐𝑜𝑛𝑑𝑢𝑐𝑡𝑖𝑜𝑛 =
𝐿

𝑘𝐴
 (151) 

in which k, L and A are respectively the thermal conductivity, the thickness and the area of 

the material. Wall resistance can only be changed during the design process by choice of 

material and geometry while the thermoelectric module design is determined by the 

manufacturers. It could however be modified by varying the elements’ fill factor or the 

thermoelectric material itself. Leaked heat transfer (that does not contribute to power 

generation) between the modules and between the thermoelectric elements inside the 

packaged components should be minimized during the design.  

The 3rd category groups the thermal contact resistances between the thermoelectric 

modules’ surfaces and the heat exchanger walls (R3 & R6). This is caused by surface 

irregularities and can be reduced by applying a clamping force and through proper use of 

thermal paste, grease or interface material. 

The optimal thermal condition in which the outlet temperatures are each equal to the mean 

of the inlet temperatures can be attained by adjusting the above described thermal 

resistances thereby tuning the heat transfer path across the packaged modules. It is 

important to note that this result is for an optimized TELLG and not an optimized heat 
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exchanger since the model strikes a balance between heat exchange and maintaining a 

temperature difference. Specific applications may prevent from achieving these conditions. 

For instance, the optimal heat flux for cooling heat sensitive equipment may not be the 

same as the optimal heat flux for power generation. Careful planning and designing may 

overcome this limitation. 

An optimized design could be achieved by fitting a high effectiveness heat exchanger with 

low thermal conductivity TE modules, reducing the effectiveness to the point of maximum 

power. In such a generator, cost is predicted to be dominate by that of the exchanger [163] 

allowing for ZT optimizing regardless of price, further acknowledging the need of 

advances in materials and modules such as in [169, 170]. 

4.2.4 Liquid-to-liquid TE generator optimization conclusion 

A thermoelectric generator imbedded in a liquid-to-liquid heat exchanger (TELLG) is 

operated under various temperature differences (∆T), while maintaining constant input 

temperatures using tabulated inserts. Lower ∆T, through reduced system thermal 

resistance, results simultaneously in higher heat flux and lower efficiency affecting the 

generated power. The importance of a constant ∆T with respect to longitudinal position is 

discussed and numerical simulations of the fluid flow and heat transfer of the TELLG is 

performed demonstrating that it is an achievable condition.  

The constant ∆T condition is then used to analytically solve the TELLG’s conversion 

efficiency in terms of the inlet temperatures, the temperature difference and the material’s 
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Figure-of-Merit. The Effective Figure-of-Merit is defined and used in conjunction with the 

analytical solution to solve for the TELLG’s total electrical power which is compared with 

experimentally measured values. Insight is provided on the balance between the 

temperature differential and the heat transfer that is required to maximize TELLG power. 

It is shown that heat transfer yielding an outlet high temperature and an outlet low 

temperature each being equal to the mean of the inlet temperatures maximizes 

thermoelectric power production. This condition can be restated as a heat exchanger 

effectiveness of 0.5. This result is very useful as it can be used as a design tool when 

optimizing any TELLG.  

Furthermore, expressions of the power and efficiency are developed with respect to the 

input temperatures, the temperature difference and the Figure-of-Merit. These expressions 

can be used to predict the output of a thermoelectric generator, as well as to determine how 

much gain can be achieved by the effectiveness criterion. In the present study, tabulated 

inserts where used to vary the temperature difference of the TELLG. Such inserts provided 

up to a gain of 2.6 in generated electrical power which, as demonstrated by the model, is 

still far from an optimized generator, and thus a different design should be used to attain 

the criterion.  
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 Module geometry optimization for optimal generator 

In the previous sub-chapters, several conditions were established as necessary to obtain 

maximum power from a TE generator operating between two fluid flows in heat 

exchangers. The main criterion is that maximum power occurs for an effectiveness ε = 0.5 

at which point the heat flux and temperature difference are optimally balanced. In order to 

achieve this effectiveness, a specific thermal resistance value of thermoelectric elements is 

required such that: 

 𝑅𝑇𝐸 =
𝐶 + 𝐾

𝐶𝐾
 (152) 

In the previous chapter, a thermal resistance model is detailed to link material properties 

and pellet geometry to the overall TE module resistance. Combining this resistance model 

to the optimal resistance criterion and the overall power equation, a detailed optimization 

of TE generators is performed in this sub-chapter. This optimization confirms the different 

criteria established on thermal resistance, temperature difference, load resistance and 

effectiveness established in the previous sub-chapters. Furthermore, the required pellet 

geometry to achieve these criteria are determined. The analysis is extended to the 

optimization of the power’s surface density i.e. the power divided by the surface area. 

Hodes, in [171], studied the optimization of pellet height and number for a fixed effective 

area under constant temperature difference. In [79], Brownell and Hodes extended the 

analysis to include heat exchangers and their thermal resistance studying again the 

optimization of pellet height and number, for both maximum power and maximum 
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efficiency. The analysis included finite and negligible electrical contact resistance and 

underlined a potential future generalization to allow for variable temperatures as fluid 

flows over the generator. Curiously, both analysis in [79, 171] considered a fixed load 

resistance of 5 ohms although it is known that optimal load resistance depends strongly on 

the internal resistance which is function of the pellet geometry and number. Rowe and Min 

[80] presents the effect of pellet height on power and efficiency and extended it to discuss 

power per surface area. In [76], they present a similar study that is extended to cover a cost-

per-watt analysis. They underlined the important and strong impact of the pellet height on 

the cost-per-watt optimization. All of these studies [76, 79, 80, 171] considers constant 

temperature difference, either at the module’s surfaces or at the thermal reservoirs.  

Montecucco et al. [172] considered constant heat flux as they support this better represent 

the thermal conditions of potential TE applications. They analyzed the impact of the 

number of pellets for a fixed surface area but did not discuss the effect of pellet height. 

[172] concluded that the same performance can be obtained using different geometry 

combination. The same results can be seen in [79, 171]’s contour plots. In accordance to 

the previous sections, it is predicted that these different geometry combinations result in 

the same thermal resistance such that constant power output is obtained from constant 

thermal resistance.  

Douglas et al. [173] modeled a complete generator function with a water flow along the 

length of the generator on the hot side and a cold air flow on the cold side running 

perpendicularly to the water flow, across the width of the generator. They validated their 

model against experimental data and the extended their analysis to different pellet height 

leading to the design of a 1kW generator. Their analysis covered the watt-per-dollar and 
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included the power consumed by the pump and fans. Esarte et al. [174] also analyzed the 

output of a generator working with fluid flows, but they considered a parallel flow 

configuration which is not optimal and didn’t optimize the pellet geometry.  

[76, 80, 173] only considered the effect of the pellet height whereas [172] only considered 

the number of pellet and [79, 171] considered the effect of both pellet height and number. 

All who consider pellet height demonstrated numerically that an optimal height exist and 

is dependent on other parameters but does not present an analytical solution for optimal 

pellet height. In this analysis, pellet height, number and width (in variable area analysis) 

are considered and an analytical expression of the optimal pellet height is developed.  

Boundary condition 

There exists a fundamental difference in the boundary conditions studied in this analysis 

and those found in literature. In literature, boundary conditions are generally either constant 

temperature difference (at the module surface or at the thermal reservoirs) or constant heat 

flux. Under such conditions, changing the thermal resistance of the modules and heat 

exchangers will only affect the heat flux or the temperature difference while the other is 

kept constant. Here, the fixed conditions are the inlets temperature and fluid flow (thus also 

the heat entering the system). Changing the thermal resistance of the modules and heat 

exchangers will affect both the local temperature difference and heat flux as presented in 

Figure 79.  
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Figure 79: Impact of thermal resistance on temperature difference and heat flux for different 

boundary conditions: a) constant temperature difference; b) constant heat flux; c) constant inlets 

 

Under constant temperature difference, the heat flux has a minimum approaching 0 when 

the thermal resistance approaches infinity but has no upper limit as the resistance is 

minimized. Accordingly, under constant heat flux, the temperature difference has a 

minimum of 0 as the resistance approaches 0 but has no upper limit as the resistance is 

increased. Both conditions do not accurately represent the thermal behavior of a realistic 

system, particularly not of a generator operating between two fluid flows.  

As in the rest of this chapter, the thermal conditions considered constant in this analysis 

are that of the inlets. The temperature difference of the inlets (Θ) as well as the heat capacity 

rate (𝐶 = 𝑚̇𝑐𝑝) are considered constant. Under these conditions, varying the thermal 

resistance of the modules and heat exchangers will change the overall heat transferred by 

the system affecting both the heat flux and the local temperature difference of the fluid 

flow (∆𝑇). If the thermal resistance of the generator is extremely high, the local temperature 

difference will be maximized and approach the inlet temperature difference but the heat 
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flux through the modules will be drastically reduced, approaching 0. On the other hand, if 

the thermal resistance is extremely small, the heat flux will be maximized and approach 

the total available heat flux 𝑄𝑡𝑜𝑡 = 𝐶Θ but the temperature difference will be reduced and 

approach 0.  

Efficiency 

In the literature on pellet geometry optimization, efficiency is determined by the power 

divided by the heat flux entering the hot side of the modules. In such a case, the efficiency 

is known to not be maximal for the same conditions as the power. This analysis is valid in 

the literature as it studies constant heat flux or constant temperature difference boundary 

conditions and all the heat flux passes through the modules.  

In this study, the boundary condition is neither constant heat nor constant temperature 

difference, both varies with the geometry at the module level. The temperature at the inlets 

(thus also the inlet temperature difference Θ) and the total available heat flux in the fluid is 

constant (𝑄𝑡𝑜𝑡 = 𝐶Θ).   

When studying a system, the efficiency is better defined as the output power divided by 

the heat flux entering the system thus the heat flux entering the generator in the fluid flow 

rather than the heat flux through the modules. In this definition, for the system efficiency, 

the heat flux is independent of geometry thus maximum efficiency coincides with 

maximum power and is defined as: 



161 

 

 𝜂𝑠𝑦𝑠𝑡 =
𝑃

𝑄𝑡𝑜𝑡
=

𝑃

𝐶𝛩
 (153) 

As such, an analysis of the maximum efficiency would lead to the same as an analysis of 

the maximum power and only the power optimization will be presented.  

  

4.3.1 Mathematical modeling 

Pellet geometry 

Now that overall criteria are established for TE generator output optimization, it is 

necessary to determine how these criteria can be attained through pellet geometry. The 

criterion for maximum power on thermal conductance from previous sections is: 

 𝐾𝑇𝐸𝑜𝑝𝑡 =
𝐶𝐾

𝐶 + 𝐾
 (154) 

That maximizes the following power equation: 

 𝑃 = 𝐶2𝛩2(𝑛𝛼)2
𝑅𝐿

(𝑅𝑖 + 𝑅𝐿)2
(

𝐾

𝐶𝐾 + (𝐶 + 𝐾)𝐾𝑇𝐸
)
2

 (155) 

Or, in terms of thermal resistance: 

 𝑅𝑜𝑝𝑡 =
𝐶 + 𝐾

𝐶𝐾
 (156) 
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In previous analysis, the heat exchanger conductance (K) was considered independent of 

the TE module. Here, the conductance depends on the selected dimensions as if twice as 

many modules are used, the surface area will also be doubled thus the overall conductance 

will be affected. The conductance is then replaced by the heat transfer coefficient (U) in 

accordance with heat exchanger theory such that: 

 𝐾 = 𝑈𝐴 (157) 

Furthermore, the area (A) is linked to the number of pellets (n), the width of the pellets (w) 

and a spacing (x) required between the pellets. Figure 80 shows the geometry of a module 

from a side view. Notice that the number of pellets shown is not the module’s total number 

of pellets but rather the square root of the total number if considering a square TE module, 

as is most common. This results in a surface area of dimension: 

 𝐴 = 𝑛(𝑤 + 𝑥)2 (158) 

 

Figure 80: Dimensional analysis of a TE module 

 

In practice, the square modules will not have a square number of pellets as 2 corner pellets 

are omitted to attach the electrical leads. Figure 81 represents the top view of an open 

module, showing the pellet placement and omitted pellets for wire attachment. For 

instance, a commercial module consisting of 199 couples (398 pellets) consist of a 20 by 
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20 grid of 400 pellets minus a pellet in two corners. For simplicity, an ideal scenario is 

considered where pellets are not omitted, and the TE module contains a square number of 

pellets. This approximation would be inappropriate for a low pellet number module as 

illustrated in Figure 81 where only 25 pellets are shown. However, in a common TE module 

such as a 127 and 199 couple module, this would represent only a 0.8% and 0.5% difference 

in pellet number respectively thus an acceptable approximation. 

 

Figure 81: Pellet distribution in a TE module for an ideal scenario (A) and with missing pellets 

for lead placement (B) 

 

Replacing the conductance (157) and area (158) in the optimal thermal resistance equation 

(156) results in: 

 𝑅𝑜𝑝𝑡 =
𝐶 + 𝑛𝑈(𝑤 + 𝑥)2

𝑛𝐶𝑈(𝑤 + 𝑥)2
 (159) 

In the previous chapter, a thermal resistance model was developed such that:  

 𝑅 = 2
𝑙𝑐𝑠

𝑘𝑐𝑠𝐴
+

2

𝑛

𝑙𝑖𝑐
𝑘𝑖𝑐𝑤2

+
𝑙𝑇𝐸(𝑅𝑖 + 𝑅𝐿)

𝑛𝑘0𝑤2(𝑅𝑖 + 𝑅𝐿) + 𝑙𝑇𝐸(𝑛𝛼)2𝑇̅
 (160) 
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Knowing that the resistance of ceramic substrate and interconnects combined amounts to 

less than 1% of the total thermal resistance (as demonstrated in the previous chapter), let 

us consider only the TE material in the resistance model: 

 𝑅 ≅
𝑙𝑇𝐸(𝑅𝑖 + 𝑅𝐿)

𝑛𝑘0𝑤
2(𝑅𝑖 + 𝑅𝐿) + 𝑙𝑇𝐸(𝑛𝛼)2𝑇̅

 (161) 

Since the optimal load resistance is known to vary as a function of the internal resistance 

and the internal resistance varies as a function of pellet geometry, it is best to use the 

electric resistance ratio as a variable which becomes independent of geometry:  

 𝑚 =
𝑅𝐿

𝑅𝑖
 (162) 

Such that thermal resistance is: 

 𝑅 ≅
𝑙𝑇𝐸(𝑚 + 1)𝑅𝑖

𝑛𝑘0𝑤
2(𝑚 + 1)𝑅𝑖 + 𝑙𝑇𝐸(𝑛𝛼)2𝑇̅

 (163) 

Where the internal resistance is linked to pellet dimensions and electrical resistivity as: 

 𝑅𝑖 = 𝑛
𝑙𝑇𝐸

𝑤2
𝜌 (164) 

Such that thermal resistance as a function of pellet dimension and number of TE couples 

is: 

 𝑅 =
𝑙𝑇𝐸

𝑛𝑤2𝑘0

(𝑚 + 1)

(𝑚 + 1) + 𝑧𝑇̅
 (165) 

Thus, from equation (159) and (165) for maximum power generation the following 

equation must be respected: 
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𝐶 + 𝑛𝑈(𝑤 + 𝑥)2

𝐶𝑈(𝑤 + 𝑥)2
=

𝑙𝑇𝐸

𝑤2𝑘0

(𝑚 + 1)

(𝑚 + 1) + 𝑧𝑇̅
 (166) 

Or: 

 𝑙𝑇𝐸 = 𝑤2𝑘0

𝐶 + 𝑛𝑈(𝑤 + 𝑥)2

𝐶𝑈(𝑤 + 𝑥)2
(𝑚 + 1) + 𝑧𝑇̅

(𝑚 + 1)
 (167) 

The optimal electric resistance ratio has previously been found to be: 

 𝑚 = √1 + 𝑧𝑇̅ (168) 

Thus, the optimal thermoelectric pellet height is: 

 𝑙𝑇𝐸 = 𝑤2𝑘0

𝐶 + 𝑛𝑈(𝑤 + 𝑥)2

𝐶𝑈(𝑤 + 𝑥)2
√1 + 𝑧𝑇̅ (169) 

If the pellet height 𝑙𝑇𝐸 is predetermined or considered constant, then (169) can be rewriting 

for the number of TE pellets as: 

 𝑛 = 
𝑙𝑇𝐸𝐶

𝑤2𝑘0

(𝑚 + 1)

(𝑚 + 1) + 𝑧𝑇̅
−

𝐶

𝑈(𝑤 + 𝑥)2
 (170) 

Or under optimal ratio 𝑚: 

 𝑛 =
𝑙𝑇𝐸

𝑤2𝑘0

𝐶

√1 + 𝑧𝑇̅
−

𝐶

𝑈(𝑤 + 𝑥)2
 (171) 

The expressions of optimal pellet height (167) and number of pellets (170) will be 

evaluated and compared to the results of the power optimization.  
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Output power 

In a previous section, the output power of a thermoelectric generator operating between 

two fluid flows is found to be:  

 𝑃 = 𝐶2𝛩2(𝑛𝛼)2
𝑅𝐿

(𝑅𝑖 + 𝑅𝐿)
2
(

𝐾

𝐶𝐾 + (𝐶 + 𝐾)𝐾𝑇𝐸
)
2

 (172) 

This equation was established from the power equation: 

 𝑃 =
𝑅𝐿

(𝑅𝑖 + 𝑅𝐿)
2
(𝑛𝛼)2𝑑𝑇2 (173) 

Heat flux through the generator and thermal resistance such that: 

 ∆𝑇 = 𝜃
𝐶(𝐾 + 𝐾𝑇𝐸)

𝐶𝐾 + 𝐶𝐾𝑇𝐸  + 𝐾𝑇𝐸𝐾
 (174) 

And: 

 𝑑𝑇 =
𝐾

𝐾 + 𝐾𝑇𝐸
∆𝑇 (175) 

Where KTE was the overall module conductance across which the temperature difference 

(𝑑𝑇) was applied. In the more detailed thermal resistance model, the ceramic substrate and 

the interconnections are considered. The thermal resistance equations need to be updated 

to take these resistances into account such that the applied temperature difference (𝑑𝑇) is 

across the pellets and not the module. The expression of ∆𝑇(𝛩) is still valid as expressed. 

The expression of 𝑑𝑇(∆𝑇) becomes: 
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 𝑑𝑇 =
𝐾

𝑅𝑝𝑒

𝑅𝑡𝑜𝑡

1
𝑅𝑡𝑜𝑡

+ 𝐾
∆𝑇 (176) 

Keeping the same definition of 𝑅𝑡𝑜𝑡 =
1

𝐾𝑇𝐸
 where 𝐾𝑇𝐸 is the overall module conductance 

and defining 𝑅𝑝𝑒 =
1

𝐾𝑝𝑒
, where the subscript pe stands for pellet i.e. 𝑅𝑝𝑒  and 𝐾𝑝𝑒  are the 

thermal resistance and conductance of the TE pellets alone. Thus: 

 𝑑𝑇 =
𝐾

𝐾𝑇𝐸 + 𝐾

𝐾𝑇𝐸

𝐾𝑝𝑒
∆𝑇 (177) 

The thermal resistance of the TE pellets has already been defined in the thermal resistance 

model section and corresponds to the last term of the resistance model: 

 𝑅𝑝𝑒 =
𝑙𝑇𝐸(𝑅𝑖 + 𝑅𝐿)

𝑛𝑘0𝑤2(𝑅𝑖 + 𝑅𝐿) + 𝑙𝑇𝐸(𝑛𝛼)2𝑇̅
 (178) 

This leads to the same power equation with an additional ratio of thermal conductance to 

correct for the temperature difference across the pellets instead of across the module: 

 𝑃 = 𝐶2𝛩2(𝑛𝛼)2
𝑅𝐿

(𝑅𝑖 + 𝑅𝐿)2
(

𝐾

𝐶𝐾 + (𝐶 + 𝐾)𝐾𝑇𝐸
)
2

(
𝐾𝑇𝐸

𝐾𝑝𝑒
)

2

 (179) 

Replacing the internal resistance (164), surface area (158) and the heat exchanger 

conductance (157) in the power equation (170) results a general form for power as: 

𝑃 = (
1

2
𝑙𝑐𝑠

𝑘𝑐𝑠𝑈𝑛(𝑤 + 𝑥)2
+

2
𝑛

𝑙𝑖𝑐
𝑘𝑖𝑐𝑤2 +

𝑙𝑇𝐸

𝑛𝑘𝑜𝑤2

(𝑚 + 1)
(𝑚 + 1) + 𝑧𝑇̅

+
1

𝑈𝑛(𝑤 + 𝑥)2
+

1
𝐶

)

2

 (180) 
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×
Θ2

T̅

lTE

nw2k0

m zT̅

((m + 1) + zT̅)
2 

The previous section established optimality criteria for electrical resistance ratio, thermal 

resistance and temperature difference such that the electric resistance ratio (𝑚 = 𝑅𝐿/𝑅𝑖) is 

optimal for: 

 𝑚𝑜𝑝𝑡 = √1 + 𝑧𝑇̅ (181) 

the thermal resistance is optimal for: 

 𝑅𝑜𝑝𝑡 =
𝐶 + 𝐾

𝐶𝐾
 (182) 

and the temperature difference is optimal for:  

 𝑑𝑇𝑜𝑝𝑡 =
𝜃

2
 (183) 

Under these criteria and not considering the ceramic substrate and interconnections, the 

theoretical maximum power is found as:  

 𝑃 =
𝛩2

4𝑇
(

𝐶𝐾

𝐶 + 𝐾
)

𝑧𝑇̅

(1 + √1 + 𝑧𝑇̅)
2 (184) 

The general power equation (180) will be solved numerically alongside the previously 

obtained optimality criteria. The maximum calculated power will be compared to the 

maximum theoretical power and conditions for maximum power will be compared to the 

optimality criteria. With the validation of these criteria, optimal pellet geometry is found. 
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Selected values for TE generator optimization 

In the general expression of the output power (180), four independent variables are found, 

the pellet dimensions (lTE and w), the number of pellets (n) and the electrical resistance 

ratio (m). The heat capacity rate (C), inlet temperature difference (Θ) and average 

temperature (T̅) are specific to the application whereas the heat transfer coefficient (U) is 

specific to the heat exchanger. The thermal conductivities (k) and the electrical resistivity 

(ρ) are fixed by the selected materials. Table 9 summarizes the variables of the output 

power equation. 

 

Table 9: Variables of the general power equation 

Variables Thermoelectric 

module 

Other 

Independent variables 𝑤, 𝑙𝑇𝐸 , 𝑛 𝑅𝐿 

Material properties 𝜌, 𝑘0 , 𝛼 𝑘𝑐𝑠 , 𝑘𝑖𝑐  

Other geometries 𝑥 𝑙𝑐𝑠 , 𝑙𝑖𝑐 

Application specific − 𝐶, 𝛩, 𝑇̅ 

Heat exchanger 

specific 

− 𝑈 

 

In order to solve numerically the power equation, parameters are selected to best reflect 

commercially available TE modules.  
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Bismuth telluride, alumina and copper are considered for the TE material, ceramic 

substrate and interconnections respectively. The thermal conductivities are as established 

in the thermal resistance network section whereas the electrical resistivity and Seebeck 

coefficient are selected as the average value measured in the characterization section for 

the selection of 22 modules. Note that since n is the number of pellets and not couples, the 

Seebeck coefficient must be the average material coefficient and not a couple’s coefficient. 

Table 10 presents all selected material properties.  

 

Table 10: Material properties 

Material Property Symbol Value 

Bismuth 

telluride 

Thermal conductivity 𝑘0 1.42 
𝑊

𝑚2𝐾
 

Electrical resistivity 𝜌 1.2 × 10−5 𝛺𝑚 

Seebeck coefficient 𝛼 2 × 10−4
𝑉

𝐾
 

Alumina Thermal conductivity 𝑘𝑐𝑠 35 
𝑊

𝑚2𝐾
 

Copper Thermal conductivity 𝑘𝑖𝑐  385 
𝑊

𝑚2𝐾
 

 

The dimensions of the ceramic substrate, the dimensions of the interconnects and the pellet 

spacing are determined from an analysis of the 22 selected modules as average values best 

representing the selection. This is done in order to represent what is currently available as 

commercial TE modules. The pellet width and height are variables to optimize for 
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maximum output power. Most of the analysis will be done for a range of 0.3 to 3 mm for 

the width and 0.3 to 5 mm for the height. These are selected as ranges that covers feasible 

values and values of interest for the optimization. Table 11 presents all dimensions required 

for the optimization.  

 

Table 11: TE module components' dimensions 

Dimension Symbol 

Selected 

value 

[mm] 

Pellet height 𝑙𝑇𝐸 𝑢𝑝 𝑡𝑜 3 

Pellet width 𝑤 𝑢𝑝 𝑡𝑜 5 

Interconnection thickness 𝑙𝑖𝑐 0.4 

Ceramic substrate 

thickness 
𝑙𝑐𝑠 0.75 

Pellet spacing 𝑥 1 

 

Only the heat exchangers and thermal conditions remain to be selected. From [175], 

representative values for overall heat transfer coefficient (U) is found between 850 to 1700 

W

m2K
 for water to water heat exchangers. The graphics are all generated using 850 

W

m2K
 unless 

otherwise specified. On the application side, notice that the inlet temperature difference 

(𝛩) will have no effect on the optimal values of independent variables as it is a coefficient 

of the complete equation and will only affect the value of the output power but not it’s 

optimization. Here, 80K is selected to analyze the equation as a decent waste heat recovery 
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temperature difference using water as an effluent. Selecting a cold side at 10˚C results in 

an average temperature T̅ = 323K. Several cases of heat capacity rates (C) will be 

analyzed. A range of 68.5 to 6850 
W

K
 is selected, this represents a flow rate of 1 to 100 l/min 

of water. Note that these values will affect the numerical results but not the conclusion on 

best practice for optimization. Table 12 presents a summary of the selected values.  

 

Table 12: Heat transfer coefficient and thermal conditions 

Parameter Symbol Selected value 

Heat transfer coefficient 𝑈 850 𝑡𝑜 1700 
𝑊

𝑚2𝐾
 

Inlet temperature difference 𝛩 80 𝐾 

Average temperature 𝑇̅ 323 𝐾 

Heat capacity rate 𝐶 68.5 𝑡𝑜 6850 
𝑊

𝐾
 

 

Note that the selected values do not represent ideal conditions, but rather a conservative 

scenario with average commercially available materials. These values will be used 

throughout the analysis. The numerical analysis does not presuppose that optimality criteria 

are valid. For instance, the numerical analysis solves power for different geometric 

parameters for a range of load resistance (electrical load ratio). From this range of ratio, 

the maximum power is extracted, and corresponding ratio is saved. Solving the general 

power equation in this fashion permits the comparison of numerically obtained optimal 

criteria and those obtained analytically.  
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4.3.2 Area limited application 

If the heat exchanger design and its area (A) is predetermined, then only the pellet width 

(w) and height (lTE) remain as variables in order to optimize the generator. This would be 

the case for designing a TE generator based on an existing heat exchanger or in any 

application where the size of the generator is the limiting factor. The analysis starts with 

area limited application as this reduces the number of variables present. 

The number of elements (n) is fixed by the area and pellet width (w) such as: 

 𝑛 =
𝐴

(𝑤 + 𝑥)2
 (185) 

The optimal TE pellet height becomes: 

 𝑙𝑇𝐸 =
𝑘0𝑤

2

(𝑤 + 𝑥)2
𝐶 + 𝑈𝐴

𝐶𝑈
(1 +

𝑧𝑇̅

(𝑚 + 1)
) (186) 

Figure 82 shows that when the total surface area is fixed, the maximum power can be 

generated with any pellet width or height if the other geometry is optimized accordingly. 

The maximum output power in Figure 82 for the extremely big pellets is 34.56 W with a 

theoretical maximum of 34.75 W whereas in Figure 83 the maximum output power 34.55 

W, with the same theoretical limit. Here, the analysis is taken to the extreme where the 

pellets takes impractical dimensions in order to illustrate that maximum power will not be 

affected by oversized pellets. The analysis can then be limited to realistic dimensions.  
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Figure 82: Output power for a fixed area (𝐴 =  0.5𝑚2) and oversized pellets 

 

 

Figure 83: Output power for a fixed area (𝐴 =  0.5𝑚2) and reasonably sized pellets 
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Figure 84 shows that maximum power (here 34.55W) is achieved very quickly with pellet 

width as low as 0.4 mm. The same figure also shows that wide pellets also requires taller 

pellets in order to achieve optimal thermal resistance, this can quickly become a technical 

limitation. Figure 85 shows the same result as the previous one but for a surface area 5 

times smaller. In both figures, it is evident that the theoretical maximum power accurately 

represents the maximum and that the theoretical expression of the optimal height is precise.  

 

Figure 84: maximum power for optimal height at different width, compared to theoretical 

maximum; A = 0.5𝑚2 
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Figure 85: maximum power for optimal height at different width, compared to theoretical 

maximum; A = 0.1𝑚2 

 

The advantage of thinner pellets is twofold. First, optimization with thinner pellets leads to 

shorter pellets which indicates that a lower volume of TE material is required. Second, 

thinner pellets also minimize the thermally induced shear stress improving the thermal 

cycling capabilities of the TE module.  

It is shown that maximum power can be achieved for any realistic pellet width (notice that 

pellets with a width anywhere close to or lower than 0.5 mm would greatly increase the 

technical difficulty of manufacturing) if the pellet height is adjusted in accordance. This is 

consistent with the previous analysis of impedance; indeed, the same thermal resistance 

can be achieved with thin and short pellets or with large and tall pellets. Thus, the maximum 

power can be achieved at any width, adjusting the height for proper thermal resistance. 

This can be seen in the iso-contour plot of power and thermal resistance in Figure 86 and 
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Figure 87. Superimposed on these iso-contours is the pellet sizes required for the 

theoretical optimal resistance in red and an iso-contour representing 99.5% of the 

theoretical maximum power. 

The theoretical optimal resistance, located with the red line, is determined in the previous 

section as: 

 𝑅𝑜𝑝𝑡 =
𝐶 + 𝐾

𝐶𝐾
=

𝐶 + 𝑈𝐴

𝐶𝑈𝐴
 (187) 

In this example, the theoretical optimal thermal resistance is calculated as 0.017 K/W and 

is plotted in red in Figure 86. Figure 87 shows the same results as Figure 86 but for a 

surface area 3 times larger i.e. 1.5 m2. The theoretical optimal resistance is then calculated 

to be 0.0154K/W and is once again plotted in red. Since the required resistance is higher, 

thinner and taller elements are optimal.  
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Figure 86: Power [W] iso-contour A) and thermal resistance [K/W] iso-contour B) for a fixed 

area A = 0.5 𝑚2. The red line is the theoretical optimal resistance and the green iso-contour 

represents 99.5% of the theoretical maximum output power 
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Figure 87: Power [W] iso-contour A) and thermal resistance [K/W] iso-contour B) for a fixed 

area A = 1.5 𝑚2. The red line is the theoretical optimal resistance and the green iso-contour 

represents 99.5% of the theoretical maximum output power 

 

Notice the maximum power obtained with the larger surface area is bigger than the one 

obtained from the smaller surface area. At first look, maximum power should not be 

affected by the different area from the theoretical analysis as: 
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 𝑃𝑚𝑎𝑥 =
𝛩2

4𝑇

𝐶𝐾

𝐶 + 𝐾

𝑧𝑇̅

(√1 + 𝑧𝑇̅ + 1)
2   (188) 

That is, if the exchangers have the same apparent conductance K, the maximum power 

should not vary however, when considering overall heat transfer coefficients U, maximum 

power becomes area dependent as it results in better apparent conductance at higher surface 

area: 

 𝑃𝑚𝑎𝑥 =
𝛩2

4𝑇

𝐶𝑈𝐴

𝐶 + 𝑈𝐴

𝑧𝑇̅

(√1 + 𝑧𝑇̅ + 1)
2 (189) 

Theoretical maximum power calculated for the 1.5m^2 TE generator is 38.28W while the 

0.5 m^2 TE generator’s output is 34.75W, demonstrating that while an optimization can be 

done for a fixed area, it might not be the ideal surface area. Power density could be more 

interesting than purely output power since a 300% surface area generates 110% power, 

tripling the surface for only a 10% power increase. 

Figure 88 shows the electrical resistance ratio (𝑚 = 𝑅𝐿/𝑅𝑖) that maximizes the power for 

each calculated geometry. For the selected material properties, the Figure-of-Merit is 0.614 

which results in a theoretical optimal resistance ratio (𝑚 = √1 + 𝑧𝑇̅) of 1.27. This value 

is presented as the thick black line in the following figure. Notice that this value coincides 

perfectly with the calculated value for the maximum power i.e. when the pellet dimension 

permits the maximum power, then the theoretical ratio is valid and maximizes power.  
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Figure 88: Optimal electrical resistance ratio m, calculated and theoretical. A = 0.5𝑚2 

 

When the pellet dimensions results in a thermal resistance too low for maximum power 

(wider and shorter pellets) a higher ratio is optimal. Inversely, when pellet dimensions 

results in a thermal resistance too high for maximum power (narrower and taller pellets) a 

lower ratio is optimal. This is logical and easily explained as the thermal resistance of the 

module depend on the geometry and the load resistance as defined in the resistance 

equation:  

 𝑅 = 2
𝑙𝑐𝑠

𝑘𝑐𝑠𝐴
+

2

𝑛

𝑙𝑖𝑐
𝑘𝑖𝑐𝑤2

+
𝑙𝑇𝐸(𝑅𝑖 + 𝑅𝐿)

𝑛𝑘0𝑤2(𝑅𝑖 + 𝑅𝐿) + 𝑙𝑇𝐸(𝑛𝛼)2𝑇̅
 (190) 

If the geometry does not permit optimal thermal resistance, changing the load resistance 

can compensate to some extent. For instance, if the geometry imposes a lower thermal 

resistance than optimal, a higher load resistance will raise the thermal resistance slightly to 

compensate and vice-versa for higher thermal resistance. This can only have a very limited 
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impact on power as the load resistance has a much bigger effect on output power than on 

thermal resistance. Figure 89 shows the influence of fixing m to its theoretical optimal 

value √1 + 𝑧𝑇̅ = 1.27 compared to varying the ratio to achieve the maximum power in 

every scenario. Almost no gain is achieved by varying the ratio and if pellet geometry is 

close to optimal then the theoretical value can be considered perfect. Figure 90 shows the 

numerical optimal ratio compared to the fixed ratio, maximum power is located when both 

theoretical and numerical ratio are the same i.e. at the crossing of both plots.  

 

Figure 89: Power comparison for an optimal ratio m and a fixed ration at 1.27. 𝑙𝑇𝐸  =
 3𝑚𝑚,𝐴 =  0.5 𝑚2 

 

Figure 91 shows that the optimal temperature difference established in the previous section 

is accurate and maximizes power. The iso-contour of temperature, thermal resistance and 

power are all parallel and the theoretical values all correspond to the calculated maximum.  
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Figure 90: Numerical optimal ratio and theoretical fixed electrical resistance ratio m, 𝑙𝑇𝐸 =
3 𝑚𝑚,𝐴 = 0.5 𝑚2 

 

Figure 91: Temperature across the TE pellets. Thick black line is the theoretical optimal value of 

𝜃/2. A = 0.5𝑚2 
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It is concluded that for area limited applications, where the surface area is predetermined, 

maximum power can be achieved for any reasonable pellet width if pellet height is set 

accordingly. Theoretical optimal pellet height accurately maximizes power output and 

leads to satisfying all optimality criteria established previously i.e. on the thermal 

resistance and temperature difference. Best design practice in limited area application is to 

select minimum pellet width then set pellet height appropriately as it will lead to lower 

pellet height and to reduced thermal shear stress. Furthermore, on the same surface area, 

smaller pellet width and height also results in reduced TE material volume thus leads to 

lower costs and better optimization of resources.  

4.3.3 Variable area application  

Fixed area application is interesting if the surface area is imposed by outside constrains. 

This could be by an existing heat exchanger of by a limited floor space. If such constraints 

are not present, design can permit the optimization of the surface area also.  

As previously mentioned, the theoretical maximum power is function of the surface area. 

In the area limited application, maximum power was fixed and easily achieved with small 

pellets. Here, as the pellets becomes bigger, the surface area also increases resulting in a 

higher maximum power.  

 𝑃 =
𝛩2

4𝑇
(

𝐶𝑈𝐴

𝐶 + 𝑈𝐴
)

𝑧𝑇̅

(1 + √1 + 𝑧𝑇̅)
2 (191) 
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This greatly impacts the optimization as maximum power is no longer achieved with small 

scale pellets since larger pellets leads to larger surfaces and higher maximum power. This 

is seen in Figure 92 and Figure 93, maximum power is more localized than in fixed area 

applications. Both figures show the same range of pellet geometry but for a different 

number of pellets.  

 

Figure 92:output power for fixed number of pellets, n = 20 000, area is variable 
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Figure 93: output power for fixed number of pellets, n = 200 000, area is variable 

 

Optimal pellet height for constant number of pellets and for constant pellet 

width 

Figure 94 shows iso-contour of output power for a range of pellet width and height. The 

black line presents the solution to the optimal pellet height and it accurately passes through 

the maximum power for any pellet width. Figure 95 shows the same for a range of pellet 

number and height. The optimal pellet height presented in black is demonstrated to 

accurately achieve maximum power for any number of pellets. 



187 

 

 

Figure 94: Output power iso-contour for pellet width and height, the black line presents the 

optimal pellet height. n = 40 000, A variable 

 

Figure 95: Output power iso-contour for pellet number and height, the black line presents the 

optimal pellet height. w =2 mm, A variable 
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Output power under optimal pellet height 

Having established that the theoretical equation of optimal pellet height is indeed valid for 

pellet width and number, it is possible to solve the power equation for optimal pellet height 

as function of pellet width and number, covering all variables. Solving the power equation 

at optimal pellet height leads to the power presented in Figure 96. It shows that under 

optimal pellet height, power monotonously increases regarding both number of pellet and 

pellet width.  

 

Figure 96: Power iso-contour solved for optimal pellet height 

 

While more power can be converted with high number of pellets and wider pellets, power 

reaches a plateau and larger pellets are required for small increases of power. Increasing 

the width by a factor 10, from 5 mm to 50 mm only increased power from 39.2W to 40.3W 

in the present example. This shows that while higher power can be achieved, it is far from 
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an optimal solution as the required surface area becomes impractical for slight power 

improvements.  

 

Figure 97: Power iso-contour solved for optimal pellet height with oversized pellets 

 

Moreover, as pellet width and number increase, so does the optimal pellet height as seen 

in Figure 98 further increasing the necessary TE material volume for incremental benefits 

to power. The same figure also present selected iso-contours of power calculated as 

percentages of the maximum power achievable for the presented range of pellet number 

and width. For the same power output, it is beneficial to reduce the width of pellets as it 

would lead to smaller pellet heights as was also concluded in the fixed surface area section 

and clear in the figure.  
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Figure 98:Optimal pellet height for a range of pellet width and number with selected power iso-

contours 

 

It is shown that the theoretical optimal pellet height equation properly optimizes power for 

variable surface area application. However, the output power asymptotically approaches 

its maximum such that while it could be achieved, the required surface area and pellet 

volume would be prohibitive and such a solution would be inadvisable. Furthermore, if the 

pressure drop in the heat exchangers and required pumping power were considered, higher 

surface area would lead to higher pressure drops. This would lead to a net reduction of the 

net power for high surface area. Future work taking pressure drop into account would lead 

to a better optimization of net power. Considering this, the next section discusses the 

optimization of the surface power density rather than output power.  
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4.3.4 Surface power density in variable area application 

If the application is not area limited, then the number of TE pellets and pellet width 

becomes independent variables. However, if the number of pellets and the pellet width vary 

then so will the surface area. It then becomes interesting and more appropriate to evaluate 

the output power density i.e. the power divided by total surface area. Furthermore, this 

optimization is important in design where the heat sinks represents the majority of the cost. 

Here, the total area is of primary importance. It is also interesting since it was shown in the 

previous section that great increases of pellet width and number (thus of surface area) are 

required for marginal gains on output power. The surface power density is defined as the 

output power divided by the total surface area: 

 𝜑 =
𝑃

𝐴
=

𝑃

𝑛(𝑤 + 𝑥)2
 (192) 

Optimal pellet height for constant number of TE elements 

As was the case in the limited area scenario, maximum power can be achieved for different 

ratios of pellet width and height. From Figure 99, It is apparent that while higher power 

can be achieved with a large TE generator, the resulting power density is quite low. 

Naturally there is a spike in density towards a dimensionless generator since the power is 

divided by the surface area, but there is an optimal power density for a specific pellet width.  
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Figure 99: Power density and several power, n = 40 000 

 

Examining graphically Figure 99 reveals that for a specific power output, best practice 

would be to minimize the width along that power curve and set the height accordingly 

using the theoretical pellet height equation as this would provide the best possible power 

density. Notice that even if the area is not a limiting factor for the application, it would be 

advantageous to use the thinner pellets (lower w) since a smaller footprint also implies a 

lower overall cost. The optimal pellet height equation simultaneously solves for maximum 

power and for maximum surface power density when using minimal pellet width. In other 

word for a specific pellet width, the optimal pellet height results in maximum power and 

surface power density. That is logical since when the pellet width and number are fixed, so 

is the surface area and maximizing power will also maximize surface power density. 

Figure 100 shows that theoretical and calculated optimal pellet height coincides. Maximum 

power, both theoretical and calculated, are shown to grow with pellet width, this is caused 
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by the increasing surface area. Furthermore, theoretical maximum power agrees with 

calculated maximum except for the pellets less than 0.2mm for which a sharp drop in power 

is noted but this width would not be possible technically. At very low pellet width, optimal 

pellet height is also very small relative to the thermal resistance of the substrate and the 

interconnections become significant, thereby reducing the power output. While a higher 

power can be achieved with larger pellets, the optimal height may become impractical as 

for this example, with 3 mm wide pellet over 10 mm would be required for optimal height.  

 

Figure 100: Maximum power for optimal height at different width, compared to theoretical 

maximum; area is variable. n = 40 000 

 

In this example, maximum surface power density occurs at 0.155 mm width and is 

279W/m^2. At 0.5 mm power density is reduced to 231W/m^2 but total output power is 

raised to 20.8 W from 14.9W. For these width, optimal height is 0.06mm and 0.5 mm. Not 

only would 0.06mm be impractical to manufacture, it would result in 28% less power.  
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Optimal pellet height for constant pellet width 

As in the previous scenario, both width and pellet number changes the surface area. Figure 

101 shows the surface power density iso-contour for a range of number of pellets and pellet 

height. The theoretical optimal pellet height is shown in black and, for the same reason as 

with fixed pellet number, the optimal pellet height simultaneously optimizes both power 

and surface power density.  

 

Figure 101: Surface power density and several power. The black line is the optimal pellet height.  

w = 2 mm 

 

Figure 102 shows that surface power density is monotonous and strictly decreases with 

increasing number of pellets whereas output power is strictly increasing. The theoretical 

and numerically calculated optimal pellet heights are very close. Theoretical optimal height 

is approximately 2% lower than the numerical value. Considering that this is errors in the 
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hundredths of millimeter, it is negligible compared to any variation occurring during 

manufacturing and assembling of modules. 

 

Figure 102: Maximum power with optimal height at different number of pellets, compared to 

theoretical maximum; area is variable w = 2 mm 

 

Surface power density under optimal pellet height 

Since the optimal pellet height equation has been validated for both pellet width and 

number, it is possible to solve the surface power density equation for only two variables, 

the number and width of pellets where the height is set to the optimal value. The results are 

presented in Figure 103. It can be seen that the iso-contour of power and surface density 

power are parallel. This indicates that if the optimal pellet height equation is validated, then 
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power output and surface power density vary the same as function of pellet width and 

number. 

 

Figure 103: Iso- contours of surface power density with optimal pellet height. Selected iso-

contour of power are superimposed 

 

While for the same power output, the surface power density remains the same, the pellet 

height changes with pellet width as was seen in the previous analysis. Figure 104 confirms 

this result, where the power iso-contours crosses the pellet height contours. As was the 

conclusion in the previous sections, smaller pellet width results in smaller pellet heights 

for the same power and here for the same surface power density.  
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Figure 104: Optimal pellet height for number of pellets and pellet width. Selected power iso-

contour are superimposed 

 

4.3.5 Iso-power analysis 

The following figures were generated by extracting the value of different parameters along 

the selected power iso-contours from the previous figures i.e. at 95%, 90% and 85% of the 

maximum. An iso-contour at maximum power was not possible as this is a local value for 

maximum width and pellet number when the optimal pellet height is respected. The 

percentages are defined from that local maximum. Figure 105 confirms that for the same 

output power, it is best practice to use a smaller width as it results in smaller heights at the 

same time. 



198 

 

 

Figure 105: Pellet number and height necessary to achieve specific output powers as function of 

pellet width 

 

Figure 106 goes further to demonstrate the importance of using narrower pellets as it 

greatly decreases the volume of thermoelectric material required to achieve the same output 

power which greatly reduces the cost associated with raw materials. Contrarily to 

previously established results, the surface area will vary slightly along an iso-contour of 

power, but this is negligible. In the present examples, all area variations are less than 1.4%. 

This is of no consequence compared to the 610% variation in TE material volume seen for 

all three power iso-contour. 
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Figure 106: Resulting TE material volume and surface area 

 

Figure 107 confirms that the iso-power curves are the result of constant thermal resistances. 

It is seen that all three powers are found for constant values of thermal resistance. These 

constant resistance results from the conjoined variation of width, height and number of 

pellets. Any combination of these three variables that gives the same thermal resistance 

will also provide the same output power. This is coherent with the analysis done in previous 

sections that emphasize the role of thermal resistance in the optimization of power. 
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Figure 107: Thermal resistance necessary to achieve specific output powers as function of pellet 

width 

 

4.3.6 Pellet geometry optimization conclusion 

Combining the thermal resistance model to the established optimal criterion, an 

optimization of power and surface power density is accomplished to determine optimal 

pellet geometry. It was demonstrated that the optimal criteria established in previous sub-

chapters were accurate. The output power is directly linked to the thermal resistance of the 

generator i.e. of the heat exchangers and of the TE modules. The thermal management of 

the TE generator is important in order to optimize it. Furthermore, changing pellet width, 

height and number, if performed in such a way that thermal resistance remains a constant, 

results in equal output power. Thus, for any given power output, there exist a range of 
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geometry that results in the same power. Given this, further optimization can be done to 

reduce surface area and TE material volume for the same output power.  

For an area limited application, minimizing the pellet width leads to an optimal generator 

design with minimal TE material volume. Once the pellet width is selected, the pellet 

number is determined from the surface area and spacing between pellets. An equation for 

optimal pellet height is established as a function of application temperatures and flow rate, 

heat exchanger, TE material properties as well as pellet width and number. Having 

determined the pellet width and number, the pellet height must then be appropriately sized 

according to the optimality equation.  

For a variable area application, it is demonstrated that optimal generator design should use 

thinnest pellets that can achieve the desired output power as this will lead to the smallest 

surfaces area and the smallest total volume of TE material. Thus, using the thinnest pellets 

that achieve desired power results in the least expensive and most compact design. Thinner 

pellets also reduce the thermal shear stress, increasing the thermal cycling capabilities of 

the TE modules. It is demonstrated that after a certain size, large increase in surface area 

only results in marginal power increase such that maximum power is most likely not the 

best design as it can require much bigger surface area than a slightly less powerful 

generator. This indicates that desired output power should be less than the theoretical 

maximum power that would result in a very large generator. Once the minimal width is 

determined, the number of pellets can be determined from the area and optimal pellet height 

is calculated form the pellet equation. 
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5 Conclusion 

A novel method for complete characterization based on open and short-circuit 

measurements is presented. This is extended to an IV-plane analysis of TE modules and a 

novel coefficient for describing short-circuit operation equivalent to the open circuit 

Seebeck coefficient. Using only the Seebeck coefficient and the novel coefficient, the 

output of a thermoelectric module can be determined for any working condition.  

Furthermore, a thermal resistance model is developed to capture the effects of design 

parameters such as number of TE pellets and pellet geometry on the thermal conditions. 

All of this is validated against experimental results from a selection of 22 modules 

spawning a wide range of geometry.  

Power optimization of a TE generator, TE modules imbedded in heat exchangers, for 

constant temperature difference and constant heat flux is performed and results are 

consistent with literature. This analysis is extended to cover the presence of heat losses and 

fluids flows. For a TE generator operating with a fluid flow as heat source and as heat sink, 

an optimal thermal resistance is found as 𝑅𝑇𝐸 =
𝐶+𝐾

𝐶𝐾
. Through this updated thermal 

impedance matching criterion, 𝑅𝑇𝐸  provides an optimal compromise between the 

temperature difference and the heat transferred across the TE modules. Higher resistance 

would lead to higher local temperature difference to the detriment of the heat flux through 
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the generator. Maximum power is achieved when only half of the available heat flux 

crosses the TE modules i.e. when the effectiveness is half (𝜀 = 0.5). The heat exchanger 

resistance must be minimized to get maximum power before applying the impedance 

matching criterion to TE module selection or design.  

An analysis of a TE generator imbedded in liquid to liquid heat exchangers is performed 

revealing the importance of a constant local temperature difference along the generator. 

Under this condition, an analytical solution to the generators output power and efficiency 

is determined as function of the inlet temperatures, local temperature difference and Figure-

of-Merit.  An experimental TE generator is operated between two fluid flows for which the 

overall heat transfer coefficient of the heat exchangers is modified using tabulated inserts. 

The use of inserts modifies the resistance of the heat exchangers and the local temperature 

difference resulting in a gain of up to 260% output power yet was still far from the 

theoretical maximum achievable power for the inlet conditions. These results are compared 

to the analytical solution and are in accordance but insufficient to fully capture the extend 

of the analytical solution. This analysis results in the same optimization criterion for an 

overall half effectiveness. A different TE generator design, with better heat exchangers and 

different TE modules is required to attain this criterion. 

Combining the thermal resistance model to the established optimal criterion, an 

optimization of power and surface power density is accomplished to determine optimal 

pellet geometry. It is demonstrated that optimal generator design should use thinnest pellets 

that can achieve the desired power as this will lead to the smallest surfaces area and the 

smallest total amount of TE material volume. Thus, using the thinnest pellets that achieve 

desired power results in the least expensive and most compact design. After a certain size, 
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large increase in surface area only results in marginal power increase such that maximum 

power is most likely not the best design as it can require much bigger surface area than a 

slightly less powerful generator. For area limited applications, minimizing the pellet width 

also leads to an optimal generator design with minimal TE material volume. Once the pellet 

width is selected, the pellet number is determined from the surface area. An equation for 

optimal pellet height is established as function of application, heat exchanger, TE material 

properties as well as pellet width and number. Having determined the pellet width and 

number, the pellet height must then be appropriately sized according to the optimality 

equation.  
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Annex 

 

Multi-stage thermoelectric generator analysis 

 

Having established that optimization of a thermoelectric (TE) generator, consisting of 

thermoelectric modules imbedded in a counter-flow results in a heat flux of half the 

available thermal energy in the hot side fluid flow. This implies the hot side fluid flow 

outlet still contains half of the original available heat at the inlet. This section builds upon 

that result to analyze the power gain from additional TE generator connected in series. The 

inlet of the next TE generator is connected to the outlet of the previous TE generator 

whereas the cold side has a new inlet as illustrated in the following figure. Such a generator 

is addressed as a multi-stage TE generator. 

 

 

Figure 108 : Representation of a two-stage thermoelectric generator.  
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Cost-performance ratio 

As established in previous sections, maximum power is found for linear temperature 

profiles in counter-flow heat exchangers with equal heat capacity rates. Furthermore, 

maximum power is attained for: 

 ∆𝑇 =
1

2
𝛩 =

𝑇𝐻1 + 𝑇𝐶1

2
 (193) 

By connecting additional TE generator in series, it is demonstrable that the optimal 

temperature difference for subsequent stages is:  

 𝛥𝑇(𝑛) =
1

2𝑛−1
 𝛥𝑇(1) (194) 

Where n is the stage number (1, 2, 3…). Figure 109 presents the resulting temperature 

profile across the multi-stage thermoelectric generator. 

 

 

Figure 109 : Temperature profile of an optimal generator composed of three stages.  
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Furthermore, since the efficiency is approximately linear function of the temperature 

difference (∆𝑇), the efficiency will decrease by the same factor as the temperature 

difference for successive stages. The same is established for the heat flux:   

 𝜂(𝑛) =
1

2𝑛−1
𝜂(1) (195) 

 
𝑄(𝑛) =

1

2𝑛−1
 𝑄(1) (196) 

This results in a power reduction of ¾ for successive stages and a total power: 

 𝑃𝑡𝑜𝑡
(𝑚)

= ∑
1

4𝑛−1
𝑃(1)

𝑚

𝑛=1

=
4

3
(1 − (

1

4
)
𝑛

)𝑃(1) (197) 

This power converges to a maximum of 4/3 𝑃(1), corresponding to a maximal total gain of 

1/3 the power of a single stage generator. The power converges rapidly but the cost does 

not follow the same trend. Indeed, successive stages have only half the heat flux of the 

previous stage, but also half of the temperature difference. This implies identical stages to 

retain the optimal thermal conditions thus each stage cost the same as the first one:  

 𝐶𝑡𝑜𝑡
(𝑛)

= 𝑛𝐶(1) (198) 

As such, a second stage would offer 25% additional power but at 100% extra cost. This 

results in an increased cost-performance ratio (CP in $/W) for each stage. The cost-

performance ratio normalized by the first stage results in:  

 
𝐶𝑃∗ =

𝑛

∑
1

4𝑛−1
𝑛
𝑖=1

 
(199) 
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The addition of a stage to a TE generator is not be recommended if only the CP ratio is the 

determining factor. Furthermore, thermoelectric module cost would need to reduce 

drastically before, and addition 25% power is considered for a 100% cost increase. On the 

other hand, optimal thermal conditions impose a specific temperature at the outlet. 

Depending on the application, this temperature may not be acceptable. For instance, local 

legislation limits effluent temperatures and may impose a temperature lower than that 

achieved by a single stage TE generator. In such a case, a second stage could be envisioned.  

 

Combined outlets cost-performance ratio 

The optimal temperature difference criterion (∆𝑇 = 1/2 Θ) implies that outlet 

temperatures (𝑇𝐻2 and 𝑇𝐶2) are equal. Considering this, it is possible to combine the outlets 

into the inlet of the subsequent generator stage in order to have more heat that is available. 

A quick analysis of this possibility is presented in this section.  

By combining outlets, the heat flux for subsequent stages is defined as:  

 𝑄(𝑛) = (1 −
1

2𝑛−1 𝜂
(1))𝑄 

(𝑛−1); 𝑛 ≥  2 (200) 

 𝑄(𝑛) = 𝑄 
(1) ∏ (1 −

1

2𝑖 𝜂
(1))𝑛−1

𝑖=1 ; 𝑛 ≥  2 (201) 

This, combined with a halved efficiency at each stage, results in a power per stage of:  
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 𝑃(𝑛) =
1

2𝑛−1
𝑃(1) ∏(1 −

1

2𝑖
𝜂(1))

𝑛−1

𝑖=1

 (202) 

And a total multi-stage TE generator power:  

 
𝑃𝑡𝑜𝑡

(𝑚)
= 𝑃(1) + 𝑃(1) ∑ [

1

2𝑛−1

 

∏(1 −
1

2𝑖
𝜂(1))

𝑛−1

𝑖=1

 ]

𝑚

𝑛=2

; 

 𝑚 ≥ 2 

(203) 

Numerically solving the total power demonstrates a convergence, as function of the 

efficiency, of:  

 𝑃𝑡𝑜𝑡 = (2 − 0,6023𝜂(1))𝑃(1) (204) 

Mathematically, the maximal gain is situated between 100% for 𝜂 approaching 0% and 

42% for 𝜂 approaching 100%. Of course, these limits are theoretical and not admissible in 

practice. 𝜂 = 100% is not only impossible in practice but also invalidates the constant ∆𝑇 

hypothesis only obtainable at lower efficiencies. By limiting the analysis to the lower 

efficiencies (0 to 10%) obtainable in thermoelectric energy conversion application, the 

power gain is between 100% and 93.5%.  

A cost analysis along the lines of the previous one, considering a doubling flow rate at each 

stage provides the total cost: 

 𝐶𝑡𝑜𝑡
(𝑚)

= 𝐶(1) + 𝐶(1) ∑ ∏(2 −
1

2𝑖
𝜂(1))

𝑛−1

𝑖=1

 

𝑚

𝑛=2

;   𝑚 ≥ 2 (205) 

Table 13 summarizes the main results of the multi-stage thermoelectric generator and 

shows the convergence of powers and cost-performance for spate and combined outlets.  
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Table 13: Multi-stage thermoelectric generator analysis results 

 Separate outlets Combined outlets (𝜼 = 𝟏𝟎%) 

Number 

of stages 

Normalized total 

power 

Normalized cost-

performance 

ratio 

Normalized total 

power 

Normalized cost-

performance 

ratio 

𝑛 𝑃𝑡𝑜𝑡
∗ = 𝑃𝑡𝑜𝑡

(𝑛)
/𝑃(1) 

𝐶𝑃∗ =
𝐶𝑡𝑜𝑡

(𝑛)
/𝑃𝑡𝑜𝑡

(𝑛)

𝐶(1)/𝑃(1)
 

𝑃𝑡𝑜𝑡
∗ = 𝑃𝑡𝑜𝑡

(𝑛)
/𝑃(1) 

𝐶𝑃∗ =
𝐶𝑡𝑜𝑡

(𝑛)
/𝑃𝑡𝑜𝑡

(𝑛)

𝐶(1)/𝑃(1)
 

1 1 1 1 1 

2 1.250 1.60 1.475 1.97 

3 1.313 2.29 1.707 3.87 

4 1.328 3.01 1.821 7.65 

5 1.332 3.75 1.878 15.16 

… 
 

   

10 1.333 7.50 1.933 478.63 
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Tabulated values of 𝜱 and recurring 𝒛𝑻̅ relations 

Table 14: Tabulated values of 𝛷 and recurring 𝑧𝑇̅relations 

𝑧𝑇̅ √𝑧𝑇̅ + 1 
1

√𝑧𝑇̅ + 1
 𝛷 = 

𝑧𝑇̅

(1 + √1 + 𝑧𝑇̅)
2 

0.5 1.225 0.816 0.101 

0.55 1.245 0.803 0.109 

0.6 1.265 0.791 0.117 

0.65 1.285 0.778 0.125 

0.7 1.304 0.767 0.132 

0.75 1.323 0.756 0.139 

0.8 1.342 0.745 0.146 

0.85 1.360 0.735 0.153 

0.9 1.378 0.725 0.159 

0.95 1.396 0.716 0.165 

1 1.414 0.707 0.172 

1.05 1.432 0.698 0.178 

1.1 1.449 0.690 0.183 

1.15 1.466 0.682 0.189 

1.2 1.483 0.674 0.195 

1.25 1.500 0.667 0.200 

1.3 1.517 0.659 0.205 

1.35 1.533 0.652 0.210 

1.4 1.549 0.645 0.215 

1.45 1.565 0.639 0.220 

1.5 1.581 0.632 0.225 
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Exhaust gas temperatures of different processes 

 

Table 15: Exhaust gas temperatures of different processes, extracted from [21] 
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